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Here is a little write-up of the deuteron problem — one of the possible problems on the
Quantum II final last month. We show how to calculate the magnetic dipole moment and
the electric quadrupole moment of the deuteron. The write-up in Elton’s text (which I
handed out in class) was brief to say the least. It also used the quasi-classical “vector
coupling model” which most of us learned in an undergraduate Modern Physics course,
and did not do the Clebsch Gordon algebra which is (I think) important to understand
what is really going on when we “couple” angular momenta. In the case of the deuteron,
the Russell Saunders coupling of orbital and spin angular momenta yields a total angular
momentum. Moreover, the presence of the tensor force allows the mixing of the L=0 and
L=2 orbital angular momentum states. I tried to be very rigorous in the discussion and
derivations, making sure to distinguish observables, eigenvalues, eigenstates, quantum
numbers, etc. If you want to discuss any points I would be happy to do so.

Paul W.



The Deuteron

We want to consider the ground state of the deuteron from the tradi-
tional nuclear physics viewpoint. That is, we want to use non-relativis-
tic quantumn mechanics to explore the bound state of a proton and neutron
{each considered as a particular isotopic spin state of a nucleon). We
shall simply elaborate on the formalism presented in the texts by Elaton
and Erder in chapters relating to the structure of the deuteron. Having
found the ground state wave function we would then be able to calculate
various properties of the deutercn, such as its electric quadrupole
moment and its magnetic dipole moment. It turns out that the ground
state wave function must be a "mixture" of relative angular momentum
states with #=0 and =2 in order to reproduce the experimental values
for the electric quadrupole and magnetic dipole moments. In turn this
mixing is the result of a non-central potential energy term, the tensor
force, in the Hamiltonian. Indeed, this term for the tensor force com-
mutes with neither the components of orbital angular momentum nor
spin, but it does comute with the components of the total angular mo-
mentumn, the operator which is the vector sum (component by component)
of the operator for orbital angular momentum and the operator for spin.
"Coupling” angular momenta to form a basis for the eigenstates of total
angular momentum squared and one of its components is an exercise in
the Clebsch Gordon algebra. Indeed, we did this for the atomic electron
problem but the math is the same for the deuteron structure problem.

However, we want to be more rigorous than either of the texts by Elton
or Erder in regard to "angular momentumn". In that regard such proce-
dures as replacing operators by eigenvalues will be anathema. We will
spend the introduction looking at the "spin 4" problem with an eye toward
including spin and isopspin "ccordinates” in the configuration space
wavefunction.

Our point of view is that a nucleus is a bound state of a collection of
identical indistinguishable fermions called "nucleons”. Each nucleon has
two internal degrees of freedom: "ordinary” spin and isospin. Both
degrees of freedom are described by an intrinsic angular momentum
operator. Thus the vector observable "spin” is

s =& o ¥ o +5 e (1)

£ 0 ¥y ¥ &z
where the unit cartesian basis vectors e are introduced in anticipation of
taking "cross products” and "scalar products” of the this vector operator
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with other vector operators such as rg't é’, and ?(E 2 x ?{). These are
indeed observables (Hermitian quantum mechanical operators). We have
put a caret (") above the operator (as we had done previously); we have
not put a caret above the unit vectors e which are in boldface tpye; but of
course the e’s are not operators. By definition of angular momentum

5
operators, the components of s cbey the commutation relations

[é.‘i, §J.] = iih Eijkék (summing over the repeated index "k") (2)

where the indices i C {x,y,z}, j C {x,y,z}, k C {x,y,z} and Eijk = 1
even/odd permutations of 1,2,3 (x,y,z) and O otherwsie. The observable
§2= é‘xz + 8 5 ézz commutes with each component §,. Following our
tradition we choose §Z so that {§2, §Z} is a set of commuting observa-
bles. From our general considerations we can always find a set of spin
vectors which are eigenvectors of both §% and §_. Thus the eigenvalue
spectrum of &2 is s(s+1)#?, where the quantum number s =0, 3, 1, ...
and the eigenvalue spectrum of éz is msﬁ, where for a given s, the
quantum number m_ ranges from -s to +s in unit steps. There are

(2s+1) values of m_ for a given s. Thus, in Dirac notation we write
3

82| S’ms> = s(s+1)h?| s,m8>
(3)

S, Is,ms) =mh ls,ms>

- where we have written the quantum numbers s, m_ and the corresponding
eigenvalues s(s+1)A%, m_f in script.

Again from our general considerations, we also introduce the raising
and lowering operators

§, = éx £ iéy (4)
so that with the understanding that all ket vectors are normalized to {

§+|s,ms> = h[(s - msj (s + m_ + 1)]421 ]s,(ms+1)> &

8 lsm =Alls + m)(s -m_+ 1) [s,(m - 1)
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For spin s = 4 there are two eigenstates states |4, #> and |4, -4> and
the most general single particle spin state can be written as a linear
superposition of these two eigenstates. Thus the most general state is

IX> —aIZ: 2>+b|%> %> (6)

where by virtue of the completeness and orthonormality of the basis
vectors the consatnts must be given by

a=<3, x> and b = <4, -$[x>. (7)
That is, the formal statement of (6) after inserting (7)

x> = |58 <GLio + |55 G-

. {l 2 <hi| + |58 <G i}lp Yoo | (8)
implies the Dirac "outer product” form is the identity operator:
{186 bl + 1d Gt} = 1. 9
In general, a linear operator G= G, §y, §,) on the spin space yields
Gl = 1> = (@ Gl4d + ® Gl ). (10)

As we did in Quantum Mechanics II, we wish to represent this relation
in some convenient basis. That is, the states |x> and |I")> will each be
represented as a 2x! column matrix of complex numbers and the general

operator G will be represented by a 2x2 square matrix. Since G itself
is some fucntion of the observables §X, éy, §Z, all we need do is find
the matrix representatives of these operators in the chosen basis for
then the matrix G representing é is the same function of the matrices

S_, S, S_ as is the operator relation itself:

~XP Y A
G:G(S,S;S)- (11)

25
~ yruL

We choose the basis of eigenstates of s? and s_, that is{ |%.4>, |3.-)
Thus we need to represent the equation

> =8 1> = 8, 158> B30 + 8,154 G40 (12)

and so in turn need to find §l|% 4% and 8. |2, 3>, for i = x,y,z. But each
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of these can presumably be expanded as

815,85 = [5,8> 318,155 + 145 G318 59

3148 = 158> B3I 145 + 114> G318 15D

whence (12) becomes

T> = {[3,2> 4,318,158 + |4, <G,315, 5.} Gilo
(158> G318 15 + 15,9 G318 13D} Gl
13,4> <8,4|TD> + [§,-5> 3,3 (14)

where the last step simply recognizes that |T)> can be expanded in the

{14,4>, |4,-4>} basis. But the basis vectors are linearly independent
and thus we can equate the coefficients of each basis vector on the left

and right to find the two equations:

418, 14,5 HAN00 + B3I 15D GAN = AT

G318 LD B0 + GAl3 LD A0 = ChilD
which rewritten in matrix form is

G 18,155 G 1D || il AT

G318, 15 B84 | |G ho G4

(13)

Specifically, this is a matrix representation in the {|4,3>, |$,-3>}
basis of the vector relationship (12). The elements of the matrices
are complex numbers. The square matrix must be Hermitian.

The matrix elements follow from the general abstract commutation rela-
tions of the operators themselves. Indeed, writing § and §y in terms of

§, and §_and then using the properties (5) of the raising and lowering
we find
<%>m3,|§x % ’mS> = 12“ [ <%sm5/|§+ + §_I%>m5>‘ ] (17a)



<%,mS'|§yl%,mS> =) 3 [<Em 7S, - S |im ] (17b)

= () $hl ‘5m3'(ms+1) - ‘5ms’(ms-1) ]

4 ,m5'|§z|}, ms> =m, h 6m5'ms (17c)

and thus the 2x2 matrices representing the operators in basis {|3,m_>}

are:

= (%Dﬁ %ﬁ ] = 4h [? é] = 1A g, The set of o matrices are
- ¢ called the Pauli matrices.

= O"%lﬁ O—lw_ g 5 i g '10
<, 1 kﬁiﬁ@]*%ﬁ[l gl = B 20 S RE =3 gy
o o g DJ ~ i {1 i 2l o The matrix commutators
~nZ . 0 _%ﬁ -1 : P A [El, EJ]:lﬁ Eljkfk

and so

2 320 263626 24 e 2 e 26 2 X2 e 2 2 2 % % X

10
Z2 — 2 & 2 s 2 — Eﬁz [ } )
i 2 ol Rt (o}, gj] = 21 €3k Ik

Instead of choosing §, along with &% as members of the commuting set

we could choose §_ or § . But even more generally, with n a unit vector

defining some arbitrary direction in space, we could take §* and 2n as
the set of commuting observables. With the unit vector

n = (sinBcosg) e, + (sin@sing) ey + cosB e, (19)
the (abstract) operator is

R E SR p o e .

3 = (sinf cosg) e (sinB sing) Sy + cosB S . (20)

If we use the Pauli 2x2 matrices to represent the operators we write
: 01 LIy i
g'n = (sinBcosg¢) [4A [1 D]] + (sinfsing) [ A {i 6]] + cosB [4h {10 _?J]

cosB sinB(cos¢ - ising)
(21)

e R
S A 2h [Sine(cosqb + ising) -cosf

S
~ T

(continued)



cosB sinf e-iqj‘7
(211

na %ﬁ{ sinb eic'b - cosB

We should understand that this s _is a matrix representation of the opera-
tor én in the basis { |4,3>, [3,-4> }. We can find the eigenvalues of &
and §  most simply by diagonalizing their Zx2 matrix representations.

The eigenvalues of the above 2x2 matrix follow from the characteristic
equation. Letting the eigenvalue A = $hA we have

cosb - A Sinee_iqb ] ]
1)

aa [(%h) [ sinfel® -cos® - A
(22)

or
(4R)2 [ - cos?0 + A? - sin?0] = 0

2
so that A = 1 and the eigenvalues are A = *4h. Of course §2 = 3R? [é?]
and so the eigenvalues of §* and én are also 3h% and *4h. The new ei-
genvectors are, of course, not {Is,ms>} = {|4,3>, |3,-3>}, the eigen-
vectors of &% and S Rather, we designate the new eigenvectors as

{14,4>, |3,4>} and accordingly

SILD = LD 8 D = HAILD
(23)

15D =L 8 15 = 4hlhD

The coefficients for expanding the new vectors in terms of the old basis
can be found in the usual way. We are guaranteed (by the fundamental
theorem of linear algebra) that the pair of equations written in matrix

form

: -ig

cos@_ sinBe u%A 5 u%)\ By
sinfe'®  -coso Ui 3 g

has a nontrivial solution (i.e. are "consistent") if and only if -(in this
case) A = *1. The non-trivial solutions are given only up to a normali-
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zation factor times an arbitrary phase factor. We abbreviate the basis
vectors {I4,3>, |3,-8>} by {[£>, [-$D} and {|3,4D, [3,9>} by {1, [}

hus

) -ig =
cosf U%A + sinB e u%l\ = }\u%A

sing e'® U " cosf Bl P\u_%)\
2
and so . -ig
ks sinf e
ST TeoED (25a)
(A +cos@)e @ |
i i = Uy (25b)
which are consistent (as they must be) for A =1 and A =-1. The
normalization condition requires that
ug |7+ gy 2= 1. 26
Doing the algebra we obtain
5in®d g
{ 1~ 2hcosb + cos?8 | L} |U—%)\I =1
( - )\cose B T
Specifically for A =1 we get
={ 4(1 - cosH) }%eiy = sin(40) !V (28a)

St

where 'Y (y real) is an arbitrary phase factor and from (28a) and (25b)

-igh
slers { $(1 - cos6) }% Y = cos(30)e iy

5 50 R T (28b)
Then continuing for A = -1 we find

Ugneoq = 3(1 + cos6) Wal0C oeiip) 1 (29a)
i _ (-1 + cose)e_iqb 3 id -i(¢-9)
o SinD {41 + cosB) }¢ e = -sm(%@ (29b)
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d is a second arbitrary phase factor. We take y = 6 = 0. Therefore
the unitary transformation matrix is

;s 30) ¢ - sin(ie) el
U = [ 1 L%4-} ; { T i ] 30)
” U s Uygy sin(46) cos(36)

and so the basis { [4,4>, |4,4>} expanded in the basis {|4,4>, |4,-4>} is
[4,8> = [cos30) €9 [4,3> + [sin(36)] |4,-5> =
14, 4> = [sin30) €] |4, > + [cos30)] [4,-9>

The inverse transformation is _
b [U*T% U*T_%J ; { cos(46) e'® sin(46) } -
e UH% ”U—% : sin(10) e cos(46)
and so
|3, $ = [cos(38) €9 |3, > + [sin(30) e'¥ |4, 4
|4, -3> = [sin(36)] |4, #> + [cos(46)] |4, >
We take the basis {|4, 4>, |4, $>} as defining part of the "configuration
space” representation, where the "coordinate” label § = 4 or . Thus, if

we abbreviate the notation so that the basis |a> = |4,4>, |B> = |4,-4>,
and the basis |1) = |§,4>, |¥> = |3,4> we have

<T|d> = cos(46) ei(‘b, fort =%

(33)

% 2
x1%(&) = <&lap = ;
'3 I { a> = -sin(46) el¢: for § =

‘ (34)
-4 18> = sin(i8), for £ =%
X 20 = 18> = |
$|B> = cos(40), for &£ =
- {cos(%e) ol® J 2 [Sin(%e) J
34 S T e (35)
Fe sin(36) &'® : M cos(46)
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The labels t and } suggest the spin is aligned parallel or antiparallel to
n and often are refered to as "spn up" and "spin down". More often than
not, we choose n = e, whence 6 = 0 whence

Glad =1, o> =0; 4B =0, (B> = 1. (36)

For a single particle with three spatial degrees of freedom and spin %
the configuration space representation is based upon appending the eigen-

states of &, §, 2, to the eigenstates of &2 and én =s'n. Thus we have the

basis
0 S xS w

([ IT20 = [%y,2,0 = [xy,28[48 ; ©<y<w t=t} (7

e e

The state vector |W¥(t)) is represented in configuration space by a wave
function defined over the range of eigevalues of the four observables
¥ V.24 §n (given that always s = 4 and thus need not be specified):

ELENFW)D = V(L5 = Uix,y,z,5t). (38)

The wavefunction thus is a set of scalar products (complex numbers)
defined over the "space and spin coordinates" of the particle.

This would be a sufficient (i.e. a complete) description of a single
particle state where, as in the case of an electron, “"ordinary spin” is
the only internal degree of freedom. For a nucleon, however, there is a
second internal degree of freedom called isospin. This degree of freedom
is also represented in terms of angular momentum algebra of spin 4, for
empirically, there are two states of the nucleon; with i = 4 always, the
m, = +4 is the nucleon state called a proton and m; = - 3 is the nucleon

~

state called a neutron. Thus we introduce i = ixex + i ey + izez and

g ?+ 1% Analogously to "ordinary spin” the two eigenstates

of i? and i satisfy

iA2|i,mi> = i{i+l) 'i’mi> = %li’mi>’ (as i = 4)
1 = ' e (39)
1Z|z,mi> = m, Iz,mi>, (for m, = +4) .

Note that we have not included factors of £ since the algebra does not
require a mechanical angular momentum. We introduce a set of Z2x2
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matrices To LT, analogous to the o’s. Thus,

4

SIS o e R L R TR
ix‘é[iO]“éEx’ iy_%[i DJ“%Ey’iz‘%(o-J—%Ez (40)
1

‘n. Analogous

But once again we could choose to diagonalize i? and =
: iz} such that
|2,4> = |p> (proton) and |4,-3> = |n> (neutron) and the eigenbasis of

of {22, i,;)} as |4,3> = [4,n=/> and |4,-9> = [n=\0.
We define 1y the isospin coordinate n = /,\ and in a similar fashion
cos(30) e® = </|p>
{-sin(%G)eid) = Olp
sin(30) = <{/|m
{cos(&e) = O\

to the ordinary spin, we define the eigenbasis of { i2

(41)
T, H0 = <ol =gy =p =

cos(46) ol® 4 sin(46)
: e g (42)
-sin(46) i cos (40

}

p="T

Sk

~ '\.;2

and again for 8 =0 {/|p> = §; \\|p> =0; /Ip> =0; \|n> = 1.

Thus the configuration space for a nucleon is expanded to include isospin
and the basis vectors for the configuration space representation are

o g S
[, 60 = Iy ® I ® It w<ysw tThE | @3

-0 S S
and the wavefunction for a single nucleon is

{x,y,2,6,n | () = ¥ix,y,z,8,n5t) (45)

which depends on five coordinates. As usual ® denotes the "direct pro-
duct” so that the complete set of basis vectors is formed by taking every

vector in each of the three sets to form the triplet.
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So far this entire discussion has focused on a single nucleon. We can
construct two particle (and many particle) states in the usual fashion by
"vector coupling" direct products. Thus we shall let "a" indicate the pair
of quantum numbers "4, 1" and "g" indicate "4, -4" for ordinary spin.
Then for the two particle spin observables

SP= @+ E+9) and S =8, +5,). (46)

The two-particle eigenstates which satisfy
S2|S,M

S> = S(S+1)ﬁ2|S,MS>

SZ|S,MS> = MSﬁIS,MS>
are explicitly

|S:1,MS:1> = |a>|ad,
Three triplets

IS:1,MS:O> :‘f{{ |a> 1|82 + || } S=1, with the

three choices

S=l . M.=13= |85 |6 Ma=100+1.
5 S (48)

and

15=0, MS:O> = \3/—%-{ |a>1|B>2 - |9'>2lf3>1} }

These two particle states are arrived at using the Russel Saunders vec-
tor coupling scheme where the coefficients 1, or V4 are simply the
Clebsch Gordon coefficients for coupling two s = 4 spin states. Indeed
the spin states of two nucleons (each with s=4) can only be S = 1, with

MS = §,0:-1 and 5=0 with MS =0. The configuration space representa-

tions of the two nucleon spin states (XS Ms(fi,fz) = <§1,§2]S,MS> ) are

Xq 1(51.-,52) = a(&y) alé,)
! Three triplet
Xi,o(fhfz) = Vi {alt) B&) +alt) (&) } two particle

spin functions

xi’_i(fl'}gZ) = B(si) ﬁ(&Z) (49)
} One singlet

one singlet
spin function

and

two particle
spin function

XD}O(fnfz) = \/_zr{ al&y) B(&,) - al&y) BE)) }

13



Similarly, for the isotopic spin, the eigenstates of
2 [LMp = 10+1) [, M

3 (50)
IZ “»MP = M{]I,MP

1=1,M,=1> = [p>1]p>s
Three triplets

[1=1, MI:O>:\_/_{{ [p>1In>2 + [p>2[ndy } J;f?ri}fof: .the
ee choices
|J’:1,M[:—i> = in, MI =4 001
(1)

and
one singlet

“:O, M]:O> :\_/%_{ |p>1lﬂ>2‘ ,P>2!I‘1>1} } F=10 Nfl,ZO
for which the configuration space representations are:
Ti 1(Q1>02] = pny pln)
: Three triplet
Ty gln = VE{ph) nind +plnz) nlny } t two particle

isospin functions
Ty () = nny ning (52)
one singlet

Tp.olwnd = Vi{p@) n(a) - plaa) nln) }} two particle

isospin function

where T] M (R1,n2) = <'7_1’Q2“’M[>'. Again we have simply vector

coupled the nucleon states using Clebsch Gordon algebra to get the two
nucleon isospin states. There are no factors of £ in the isospin algebra.

We have spent the introduction discussing the spin and isospin states
of two nucleons. We now turn to the real problem at hand, determining
the ground state wavefunction of the deuteron with which we will be
able to calculate the properties of the deuteron such as its electric
guadrupole and magnetic dipole moments. The deuteron is a two body
problem and so the first item of business is to separate the center of
mass and internal (relative) spatial coordinates. We do this is the usual
way; however, we do want to do it explicitly since there is a specific
problem for the deuteron which we must address.

We consider the spatial observables for the two nucleon problem.

1z
=



The nucleons are identical fermions and so m; =m,. "1" and "2" are the
particle labels and lower case and upper case quantities are the relative
and center of mass observables respectively. Note the caret and the
arrow; we express one set of vector operators (observables) in terms of
the other set. With  the reduced mass, the "new" coordinates are

T=rh -4 %:ﬁ’-?(p/mx):ﬁ-%?
"y > B (53)

mry + myr > > - b
P%: 1m§+m222 =4 [r +15] r‘2:ﬁ+r‘(p/mz): ﬁ'f’%l"

and the "new" momenta are
3 3 3 3> D > W 3
P:(“r}Jn_z)Pz‘('%;)Pizﬁ[Pz“Pj] Piz(P/mz)F?‘P :%a‘P
B 5 %
%Z[Pﬂrﬁz] pzz(p/mi)aw = %F}er

The orbital angular momentum observables are therefore
3 By e
fl—rlxpl—ﬁ %T’ (%%—p):%[(l%xl%’)+(rxp)]—$rxl%
and :
?2:?‘;)(5;: (§+§?) X (g%ﬁ%} :%[(ﬁxﬁ) + (?x?)] +%?x3+ﬁx3
so that
Pel = RxP i 2xg =B+
Here,

=RxP and P="xp (56)

are the observables for the angular momentum of the center of mass
and the relative angular momentum of the pair about the center of mass
respectively. The kinetic energy operator is

ps° X pos o P/mz 5’]2 y/ml}ﬁ+3]2 S + p?

Ahy - LIng Z2m 2ms, -~ ZM 21 (57)
where M = m; + m, = Z2m andy:%:%m, with m; = mp; = m.

m is the mass of a "nucleon”.



The Hamiltonian is

H = j;)?;'nl + 22’?‘12 + V(I"I, I's, ?]) —RZ‘) Siy S2y 1y 12)
= >3 > D> D (58)

== Ay + 5}1 i Y(rﬁ 1, 94, Sgelsy 12)
where the second line is a consequence of the two nucleons being identi-
cal particles and the assumption (which is not rigorously true) that the
interaction energy operator does not depend on the center of mass coor-
dinates. In effect, we claim to carry out the calculation of the internal

energy in the center of mass frame and thus take not only <ﬂ )= 6, but

also individually < & yefand ¢ PO =000 presume you see the con-
tradiction in this last ansatz! Nevertheless, we essentially dropped all
reference to the center of mass effects from this point. In particular
in considering the spin orbit interaction, we take

=4l ad B=3? (59)
so that
3
18y + fz 52 = ¢! [51 + 52] (60)

Dropping the center of mass operators, we take the "internal" (relative)
Hamiltonian for the deuteron to be

e 2 3> S M e - .
H = _%II— + ¥ )+ Vo (e [k] 40 (s; + s5) + VT(r) [A] Tyo(r, sy, S9)
where the tensor operator 61)
. 45 Ao 55
Tie 'modls rids Nirt -85 . (62)

We have included factors [x] and [A] (not found in the texts) since the
operators to the right in each term have dimensions of a gular momen-
tum squared. We anticipate the [k] and [A] ~ a constant/A* in order that
"V" has dimensions of energy. There are indeed additional terms in the

eneral form of the nucleon nucleon interaction, but we settle on just
these three. (For example, the Coulomb interaction between two nucle-
ons both with m, = +§ (i.e two protons) is not operative in the deuteron.
This would emerz'ge fmm the formalism since, as we shall see, the
deuteron must be an isospin singlet.)
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The tensor operator is such that its "angular average" vanishes:

T 2T & N
Jsinede [dqb Ty2(r,0 qb,sl, Sp) =

o 0
T o 3
Jsin@d@ dep ?2—(81 sz r’sinOcos?p + &, $, r’sin?Osin?p
o 4 Y. ¥
+ §1Z§ 2Zr200529 + "cross terms which vanish" - g,:; s b =0, (63

The potential energy factors have theYukawa form
o, FS 1
.
Y. el = ST

7 ey
B
oY pr c
v

"n__H

for v = "c¢" (central), "so" (spin orbit), or "T" (tensor) potential. In
each term r_ is the (same) "hard core radius.

The problem is to find the ground state energy and wave function, i.e.
the lowest energy solution to

HY(E, £1,85,0102) = EV(E,E1,82,m1,02) (65)

so that knowing ¥ we may evaluate the ground state properties of the
deuteron (e.g. its magnetic moment and electric quadrupole moment).
We have chosen the configuration space representation for the Hamil-
tonian whence we can find a set of partial differental equations for the
ground state. However, we first need to get a handle on the form of W.

The tensor interaction contains the factor
Tz = gj/ %~ 51 52

: 3(slx)(52k VY

= {3 ijk/r o (SJk} 1J- 2[< (66)

where we sum over the repeated indices. This factor commutes with
the components of total angular momentum

~

J!

1

L+8, +% 67)



but not with the observables ﬁi and (§,i + ézi) separately. To see this

we write the orbital angular momentum components as

~

L=e_ R p (68)

| mn m'n

(summing over the repeated indices m,n) and consider the commutator

~

[TIZ) fl] = [ {35?:‘]2[(/1-‘2 i CSJk}, Eimnfmﬁn] §1J§Zk

= B/ 886 %8 81,89, (69)
Consider the factor
%% Rb) = R0 2008, - R lBs 2,8

=0- ﬁm{ [p\n’ X ]ik - [Xk’ ﬁn] }
== ﬁm{ -ikd Xﬁk - X (1ﬁc5kn) } (70)

Using the result (70) in (69) we have

[ Toui JZi] = {Biﬁeimn/r 2 xk J. s xmi‘j 6kn} §’j§2k

= (Biﬁeimn/rz){xmxkslnszk + R R.8,.5, }

Moy
= @in/rd{ @x ), @) + <) Ex L)) (71)

which clearly is not the null operator. Similarly, the commutator
[le, éll] = [ {35(\‘])?[(/1"2 = 6\][(} §1j§2k, §il]
= {BQJQR/I‘Z X CSJk} [éij, éil] §2k
o A A P . A ~

jim™'m
= —Biﬁ/l"z {Eijn"l J m} Szk)} + iﬁEk §1m§2k
= 3if/r? (([Fx ), (?5}) - iR G x %), (72)
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With the symmetry of s:h and S:; in Ty, it is clear that

Tizs &) = -3if/r? (Fx ) @) - ik & x 30, (73)

i Estiovies Bom 1D LT T e b, R e b

[Ty, J-}:{Tiza{f +8;, +8,1]=0. (74)

4 1

Thus the components of the total angular momentum commute with le
although the components of the relative orbital angular momentum and

the components of the spin do not separately commute with Tiz. Thus J j2
and one of its components, say ‘fz’ can be included along with the Hamil-
tonian in a complete set of commuting observables. Equivalently stated
! is not a good quantum number, but Jand My are good quantum numbers.
Apriori, S is also not a good quantum number (since the components 5,

do not commuite with H). However, other constraints (see the following
arguments) make S a good quantum number for the ground state.

We write out the configuration space form for Ty;. We note that

r's = (F+S_ = I"_S.I.) + FOSQ and S;i'Sg — %[SH-SB__ g Sj-Sz.;,] 4 SipS2p

(N

Defining £y = (x +1iy)/r = sin@elqb, o=z -iy/r= Sineefld’, o = cosb
we find that the tensor operator can be written

T12 s 3(?5%)(?32} g gzgz ~
3{4] ry? sy_sp- + T (54-Sp0 + SpaS2) + 1 2 514804 + 1o® S10S20
+ 4[riro(8;-820 + 81052-) + rro(814820 + 810824)] }
- { 4[81482- + 81854] + 810520}
= 3 [r28,.8,- + 28,8 + [ Grur- - $) (8,854 + 81482) 1 + [3re® -1]510520

+ Frir(81-820 + $1052) + rrp(8148z0 + $10524] } - (75)

Now the six angular factors can be expressed in terms of the five spheri-

17



cal harmonics for I=2. Check to see that in fact

r2 = sin?0e2® = [327/15)% Y,2(0,9)

s — sinzee-zw = [327?/15]% Y, 2(0,9)

I e B = e o B ba T S 1) =~ [/ 510 RO
rury = sinfcos0el® = - [87/15]8Y,1(6,0)

r 1y = sinfecsfe P =14 [87/15)0Y 1 (6:4)
3ryf - 1= [(Becs?8- 1) = [167{/5]%\?20(8,(1))

We obtained these results using Shankar’s text. Thus we have for the
tensor operator factor

A 5% 5% 49
Tip=3r sy g - g8 =

(76)

=1 [r%8.8, + r281,8] + [@riro - (818 + 8118 ) ] + [3re? - 1]810820

+ 3 [rro(81-820 + 81082 + (814820 + 510824)] |

= 3327152 {,200,0) 5.5+ Y, 20,6} 8,8.)
- [1/5)E Y 0(0,0) [81-8art 80.80] + [16T/512Y,0(6,0) 800

o [87T/15]% { - Y,10,0) [8:1-820 + 81052-] + Y2 1(0,0) [S14820 + S10524] }

= [67/513( Y,2(0,0) 81-8s- + Y22(8,0)81:8
- Y1 (0,0) [81-850 + Si052-) + Y2 1 (O0) [81:820 + 810824] }
[167/5]7 Y,%(0,8) { 818 - 36080 +818 01 (7D)

T,; is an operator on the space and "ordinary" spin factors in the wave

function. We will examine in detail the results of applying the operator
to the wavefunction (or equivalently the state vector). In anticipation of
doing so we have on the following page all the results of the six opertors

8,855 8148245 [81-850 + 51082-); (814520 + 510824)5 8108205 [81-82+ + 81482-]
on the three triplet spin functions, |1,1>, |1,0>, |1,-1>.

18



The six operations on the three triplet states are:

~

la>|a>; =g
(81851 + 813821 V3{|aD 1| B2 + a2 B4} = 2 VA{|aD |02 + |ad2| 601}
1B>118 = 1 (78a)

: la>|ads; = 1@
V{[a> B2 + |2 B} = VIR |ad|a>, (78b)

[$1082+ + §14820)1

181|872 = - V32 Vi {|aD4|BD2 + |02 804}
s = VR VA (|01t |00}
[§1—§20 ¥ 510§2—]* ‘1%“001 IB)Q 4 |G’>2|3>1} i \_/%ﬁz |B>1|5>2
18>118>2 = &> (78c)
: la> e = {R? |a)|a>,
[$10820] *\_/5{|Q>1|5>2 * |U>2,5>1} = ‘%ﬁz\_/%{|ﬂ>1|5>2 + IU>2|B>1}
|5>1,5>2 o 5152 “3>1|18>2 _(15%?}
; la>|ad, = |o>
[814824) {VE{|aD1|B02 + la>2| B804} = |8
1821182 = R |apy|a@>2 (78e)
|<1>1|<1>2 = B|B>1]8>2
[§1-5;-] “\_/%{|G>1|B>2 * |a>2'|ﬁ>1} = |®>
182118 = |g> (78f)
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The fact that the nucleons are fermions implies the entire wave function
must be antisymmetric under the exchange of all the coordinates. As

142 we have 2+ —_Ir(r“r‘, O+ 1 -0 ¢+ pta), § V& and ny e

.Expem mpntally, the lowest state corresponds to 1 =0 (appmmmately)
but the fact that it has an electric quadrupole moment means there is
an admixture of higher angular momentumn states. Possibilities are

EO, S=0=]= , X The parity operator acts on the
=5 =1= ] =1 } bl 0 % wavefunction such that
= X i )y saperg
ﬁ;i: g; {1) 3 :}T ;[1) {2 }odd party X W(r >51521-h’}2) = ¥( f‘,fi-fthflz}
i X For a particular term with a

=2 8= ]2 } Sy B * given value 1, the result is
= o=t g=103 Y o N

X (€ 8oming) = (1) "y (r,€182mn0)

#=1 is ruled out because the wave function should also be an eigenfucn-
tion of parity and since §=0 is present only even I’s (even parity) contri-
butions can mix with the 1=0. Moreover, with 1=2, if 5=0 only J=2
would be possible but there is no J=2 for I=0. Indeed, for both I=0 and
#=2 the coupling of ? and S=1 can yield J=1, with our choice of MJ =

The #=0 term coupled with S=1 via the Clebsch Gordon algebra to give
=1 Mfi has only one term, since m, is necessarily 0, Mc=1 in order

that M = + MS = 1.) Therefore we have
=0, 5= Jzi,MJ:D = IR:O;m9:O>®|S:1,MS:1> = 10,0 |a> |,

which in configuration space is the function we define as &
Foz,u(e»qb;fnfz} 4 <9>¢a§1>§2“305 S=1; J=1, M _1>
= Y0,9) alfilalt) = g aaled) 80)

Similarly, coupling =2 with S=1 to yield /=1, M,=1, we have

“:2, S:j_;j:i’ Mj:i> = V_Oi { “ZZ,m :O> ® [|{I>1!0~'>2] }

- VO3 {[#=2,m=1> @ [VA(Jad |82 + [ad2]8>1)] )
+ V0.6 {|#=2,m=2> & [lﬁ>llﬁ>z]} (81)

70
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with the configuration space representation
Fai,11(0,036182) = <0,0,618,[4=2,5=1; J=1,M=1>

= VO.T{Y,°(6,9) [a(¢al8)] }

- VO3 { Y,1(6,0) [VE(a(§))B(ED) + al&)B(EN)] }

+V0.6 { Y22(6,9) [BE)BEN] ). (82)
The Clebsch Gordon coefficients for coupling =2, S=1 + J=1{, M J:} are

(H=Z:8=1 mj-[) M =2 =t =1 M —1) VO.1

(=l 5=l m, =1 M siil=2-5=1 =1 M —1) = V.3

(=2 5=1 m -2 M =6 Mj:i = V0.6 . (83)
The pair of functions defined over angles 0, ¢ and spins &;, &, form an
orthonormal set in the sense that

Yo AU

N gl .4

S [smede 4 FranOutd Fpun@biitd = 8y 69
§1=+5=+

Moreover, since all the compenents J ; commute with T12 and the partity
operator also commutes with T,;, we argue that T,, operating on either
function Foy, 4y or Fyy, 1y must simply be a linear combination of both.
There are no other functions of J=1, MJ,:i and even partity with can
arise from coupling an even ! with a triplet (5=1) spin state. Thus
Ti2 Foi,1s =a For,i + b Fapn

A (85)
Tiz For,in =c Foryip +d Fayay

These operations will occur as we evaluate the expectation value of the
tensor potential energy term using a trial wave function which contains

the factors Foy,11(0,¢,81,&2) and Fyy 11(0,¢,81,2) in a linear superposition

of the 1=0 and I=2 states coupled to give J=1, M J:1. We thus digress
to examine the implications of (85) explicitly.
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Using (77) on the abstract spin vectors we find by way of the results in
(78a) through (78f) that

Tiz For,u = Tiz Yo'(0,9) |ad1[a>z = oo g el
- A ([6n/5)H1Y:2(0,0) 18,1182
- Y,1(0,0) (VB V3 (|01 | B2 + |08 1]
+ [167/5)% Y 0(0,8)4|o>,[@>, )

gl 2
= g X

[ [1/513Y20(8,8) |a>1 |@>2 - [31/51Y,10,0) [V3(|ad 1 |BD2 + |08 )
+ [67/512Y,2(0,0) 81182 }
:\741T A2 X { V21 X
VOTY2(0,0) [ a>, - VO3 Yo 0,00 VA (a1 |82 + [a>5|8>)
+V0.6 Y,2(0,8) |8>!]82} } vt 1B

But we recognize the curley bracket as Fy;, ;. Thus in configuration
space we have

:Fiz Fo1,11(0,8,81,62) = Vi #%F5; 11(0,0,81,&2)
= iR? \_/8_]:21,119»@:51»52)- (87)

The additional factor "4h%" (not found in Elton) arisses as 3= ih o:}; we
need be careful to include or exclude "$#*"' depending on whether SQ,' or g"
is used in the definition of :1\'12. But, of course, this is precisely why we
introduced the factor [A] in the definition of the operator in (61). We
conclude that in (85) a = 44 V8 and b = 0; accordingly Elton says that
a = V8, b = 0 and so our factor must be [A] = 4/R%.

f+
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We borrow the technique introduced by Elton to find the operation of
Tquz 11(0,9,§1,&2) by looking at the choice for 8=ir, ¢= 0. We have

T;zez,n P
O=4m,p=0
PO Sy lae g e 1
= [351‘;(82)( g A SinZY 5 Sizszz]{ Vil Fllad>i]|ad, + 318> B>}
) B b 5 )
Ti2(0=4m;¢=0) =2, 551 J:J',MJ:D
O=4m;¢p=0

The operator can be written as
[2[3(814 + 810 (82 + 82)) + 4814 - 812) (Bas - 82) - 810820)]

so that

(3814824 + 38,8, + 18,8, + § §, 85, - 810820

AR + @y +i3lad,lad, 3-3185,18%

{ ‘,é'>1|ﬁ'>2 + 318,18, }
V3Zm

= (/%)

32T
s (%ﬁz) 10,0’>1|a>\_2/32");!‘8>1])8>2
= gy _Ble|a@e 2 (o[> + 3]82|f0s)
V32w

ladilay, + 3[824162)
V321

= () (VB = o>y ]ad, -

= (47%) {V8 Foy,11 - 2F2, 11} . (88)
O=4m,¢=0
Now we invcke the argument that ”1212 F21,1; must in general be some lin-

ear combination of (only) Foy 4y and Fy, 43 so we conclude for all 0 and ¢

Ty, in,u == ({9 { \_/B_Fm,u B 2F21,11} . (89)

Now we are in a position to evaluate all the Hamiltoian matrix elements,
reducing them to one-dimensional radial integrals. That is, all the
angular integrals and spin space inner products can be done expllcltly,
independently of the radial wavefunction. We proceed as follows.

I,..-.I
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The simplest approach is to consider two linearly independent functions

Woi,11( 1::51,5257?1:02; 80,005+.) =
I “ Ry (r;ag,bo,...) F01,11(9>¢551>52) TOO(QI,TIZ) (90)

, \\__ 3
T b il )\ \ )L " )
J=o |, |J=1 radial function —J=1,M =1 isospin singlet
= M J—i to be determined "angle = spin” insures that
/ by minimizing functien via is antisymmet-

vector coupling expectation <H>. the CG algebra ric under 142
. o C-__ .
and similarly with 1=0,5=1  interchange
—$
‘P21,11(Tafnfzamaﬁziazabz,---) -

_.,,RZ(r;abb?"') FEI,li(eaQbagia{:Z) TDO(QI:,QZ) (91)

where Rg(r; ag,bp,,...) and Ry(r; as,b,,...) are functions of the radial
coordinate r with variational parameters ap,bp,... and az,b;.... The
orthonormal pair of angular spin funtions for triplet spin statés coupled
with 1=0 or I=Zto yield J=1 M Jzi are (as shown above)

Foi,1(@,b61,82 = Yo(0,8) alEalty) = —— alfalE) (80)

Fa1,11(0,9:81,82) = V0.1 {Y,°(0,9) [alé)a fz] }
- V0.3 {Y,'(8,¢) [Vi(a®)B(E,) + al8)BED)] )
+V0.6 {Y,2%(0,¢) [56)552]} (82)

and Tp® (7y,72) is the isospin singlet
To’(nn2) = Vi (ply) n(nz) - pp2) nny)) (51)

To be sure the basis functions are symmetric in the spatial coordinates
and the "ordinary” spin coordinates &,, ¢, and so since the nucleons are
fermions, the isospin factor must be antisymmetric under the exchange
of isospin coordinates ny,n,. We normalize the radial functions so that

Jar)‘zdr‘ |Rgfriag by )% = 12 ﬁ‘zdr [RolPigsds, s 5= .  (82)
o 0

so that the two functions {yo1,11, W21,11} form an orthonormal set.
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Then variational trial wave function is taken to be

‘I’(T‘,Q,Qbafufzﬂ}hsz} :CDWOI,II (r>9>¢&‘§1)§231—)1:’]2) +C2‘\b2i,1] (rseaqb}ghfmnhrh)
(93)

and the normalization condition on ¥ is that

R T Ll T o
E E 2 2 d(tb JSiﬂq‘.)de fr‘zdr‘ |\IJ(I",9,¢,§1,EZ,QI,1}2) Iz s 1
O

£1=+ &=+ m=\ =\ ‘o ‘o (94)

which, because of the orthonormality of {yo, 11, ¥ 21,11} means that
col? + |ez]?=1. (99)

Here we have dropped the explicit enumeration of the parameter lists
dp,bp,... and az,b,,... but they are still to be understood. The orthogonal-
ity of o111 and Wy, 4y is guaranteed because of the orthogonality of Fy,
and Fy; 13- Thus once (92) is satisfied the orthonormality of yp,; ;, and
V21,11 is established. If we restrict the ¢, and c; to be real (which is an
additicnal constraint on the variational formalism) we insure the nor-
malization condition (95) in terms of a single parameter w by taking

(96)

cp = cos(w) and c; = sin(w)

and so the normalized trial function is

(97

U = cos(w) Yoi,11 + sin(w) Ya1, 11

and the expectation value
CV|H> = cos?e [Poy, 11 |HWor,110] + sin®w[<ay, 11 [H] W21, 110]
+ sin(w)cos(w) [Wor, 11 |H|Wa1,11> + <Woi,11 |H[Wo1,12]  (98)

where the Hamiltonian is
L o 3 54 5 8 18
H= B+ V(D) + V) ] 41 (5, + 59 + Vpl) I Tl 7, 51, 59
61)
I trust writing the Laplacian in spherical polar coordinates is a familiar
exercise. Indeed, one can show that

p* 47 . 4u 00 2.4 5 fF
Ll MVITIANE T e e

where {2 is the square of the relative orbital momentum operator
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Therefore, the kinetic energy operator acting on the y ps 11
-he 2 2 a ,\12
{ kg % ﬁzrz} } l/fp,u =

TR T
2 [ 92 2 3 §(1+1)R2
{ZP [ 2 Ry(r) + R r)]+ et Rf(r)}x

(100)

1

" % F111(0,0,€1,82) To’(ny,n2)
Moreover, in the spin-orbit term the I - 3 factor can be written

g R T M
PS=4[1,S +1S,]+18S_ | (101)
and so the operation of the angular - spin factors yield
{4 +S_ i f_SJr] + joSo} Foi,11 =
' o 46 e 1
(41,5 +1S,] + 1S} g alatel) = 0. (102)
and

(3 (1,5 +15,] + 15} Fau,1,
2 { V0.1 { 4[2V3 Y,'(6,0) V3{a(§)B(E) + a§)B(ED} ] +
- V0.3 (3[2V2Y2%(8,9) BENBE) + 2V3: Y,°(0,¢) al)a(s,)]
+V0.6 {3[2V2Y,!(0,9) VHa B (&) + al§)BE))] - 2Y2(0,0)B(E)B(E})
= - 3R{ { VO.T Y° al§))a(&;) - VO.3Y,'(0,){VE(a(§)B &) + al&)B(E,)}
+ V0.6 Y22(6,¢) B(&)BI(E,)}

=S sz,n(eaqbafnfz) . (103)
Finally in the tensor operator term we recall that

Ti2 Foi,11(0,0,81,82) = (37?) VB Fyy,11(6,¢,1,82) (87)
and

T2 F21,11 =<3 { \_/§ Fo:,u i 2F21,11} . (89)
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So now we can reduce all the integrals to one dimensional quadratures

as we integrate over the angles 6 and ¢ and sum over &;&,mn,.  If we
ignore the tensor term for the moment we have for the "diagonal" terms

e

{Yor, 1] { P Ko + V() + V) () [<]{$ 2" (sy + Sz) } ot 112

0 A2 2
:ngdr Ro(r) [ zﬁy] { grz Ro(r) + % 3r T Ro(r) }

+ F?dr Ro(r) {V_(r) + V, o) [0] }Ro(r) (104)
and ?
_52

Waryul {7 V24 V() +V g0 [ B 2 s

o . 2
= [rfar Rat) (43 (f Rate) + 2= ot - 22 o)

+ der Ry(r) (V1) + V| s0[-3]} Ry(r)

o

as ¥k = 2/f?% and for the "cross terms"

WMM{ V2 V0 + Vg0 [GEE + D) W) =0 (106)

IR V2+V() V []5?514"52}]%1 11> =0 (107)

Since the cross terms all vanish this expectation value (in which we
have ignored the tensor term) is simply

CUIH|WY = cos?w [{oi,11|H|Wor,112] + sin®w[{ay, 11 |H|a1,112] (108}
and so for any choice of ag,by,...a3,bz,... the mimimum obtained setting

_gzj /'“I’|Hﬂ|q’> == Si“[zw)Kll/m,n|{:I|‘,U01,11> - {Yap,11 [H|W21,102] = 0

has the solution that w = 0 or w = 4r depending on which of the two

factors <1.‘U01’“ tHI\Um,“> or <1]U21,“ |H,lp21’“> is smaller. In other
words, neglecting the tensor term, there is no mixing of =0 and I=2.
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The integrals involving the tensor operator for the diagonal terms are

{Yoi, 11|V (r) | Tizl‘lfox 1> = O (109)
\1!/21,anT(f‘ [A] Tzzll!’zt,n> = [4/R%][4R7][-2] ﬁzdl" Rz(r) V4 (r)Rz(r)

O

o
= Ir‘zdr‘ R,(r;az,bs,...} VT(r‘) R,(r;az,bs,...) (110}

8]

as A = 4/h% and for the "cross terms”

- (8]
<W21,11|VT(1") A] TizlWor, 11> = [4/0%[VER] Jf“zdr‘ Ra(r) Vo(r) Ro(r)

O

- \F[ Zdr R,(r;az,ba,...) VT(I‘) Ry(r:ay.be,...) - (111}

o

<W01,11'VT(I‘) [A] %12|\.U21,11> = [4/h?] [4R*][V8] rf)’zdf‘ Rz(F)VT(I")Rz(l")

o

oS
= yB Jrzdr‘ Rylr:asbo,.o) VT(I‘) R,(r;az,bs,...) . (112)

o
Thus the matrix elements of the total Hamiltonian are:
(on, 111H|4/m 117 = (113)
8 i R R(r)+—2~—d—R(r)}+V(r}}R(r)
: " 21 e ot i ] o c y
Py, 11 [H W2i,100 = (114)
ey - k2 d2 4
:fcrfdr Ry { [ (G Rel) + 2= JRalr) - —2E R, )

bV, + Vg3 - 2V} R

and

CWor.1s |8V, 10> Ro(r) Ro(r)
Yoi,11 | ‘J‘Pzi,u . \_/8_[?;(:11"{ 0 }VT(I“) { 2 } s
Wai, 11 [H|Wor, 117



Of course the radial functions and thus the radial integrals are functions
of the variational parameters. The expectation value of the Hamiltonian

CUIA|E> = coser [<Pou, 11 A [Vor, 1151 + SinPwl<tan, 1 [H[War, 11>)
+ sin(w)cos(w) [<wm,n|ﬁlwzj,“> + <W21,11!E1|‘P01,11>]
= [Wor, 11 [HVor,10] - sin?eo[<Wor, 11 [H1Wor, 11> = <War, 11 |H| W2, 10)]
+ sin(e)cos(e) [<Wou,a|AlWas, 1> + Waui|HlWor,i>]  (116)

is therefore a function of these variational parameters. It is also a
function of the "mixing angle w". Thus
CV|H|¥> = Flw; ap,bp,...az,b2,...) (117)

Clearly, the function F depends upon the chosen parametric forms for the
radial fucntions. Presumably the parameters can be optimized by
d

a_,\i Fous aO&bO:---ag,bz,,__) -0

(118)

for '\i =te, 8gsbps otz Byen. ).

In particular, for any choice of the remaining parameters
—ga CUH|IY = - sin(2w) [<Woy, 11| H|Wor, 11> = War, 11 [H| W21, 110]
+ cos(2w) [{Wor, 11 |H|W21,11> + oty 11 [HWor,112] =0

so that the optimum choice of w is:
[<Wo1, 11 |H[W21,11> + <Wa1,11 [H[Wor,117]
[<Wor, 11 [H[Wo1,11> = 21,11 |H| W21, 117]

In principle we can solve (119) for the optimum value of w(agby...azb,..)
and substitute this particular w back into (116) and optimize the result-
- ing expression with respect to ap,b,o...82.b;... . The arithmetic is rather
arduous and so assuming 2w <{<1, tan(Zw) >~ 2w, we have approximately

(119)

tan(Z2w) =

1[<Wor, 11 [H|Wa1,11> + <2111 [B|Wor,117]
[<Wou, 11 [H|Wor, 11> = <Wai,11|H[W21,112]

2

(120)
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whence
CHIH|EY =

~ {%[<¢21,111HA|HU01,11> *F <\U01,11|QW21,11>}2
[<Woi,11[H|Wo1,112] + (12

[<‘P01=11 |E”‘P01,11> f <'1’21,11 “_’]\,‘1021,11>]

This approximate result is still a function of the variational parameters
89,Dp,-.-82,02 ... but because of the approximation (120) it cannot be
guaranteed to be an upper bound to the exact ground state energy. Of
course we could proceed without any approximation and solve (119)
exactly for w(ap, bg, ...az, by,....}), sustitute the result into (116) and
minimize the resulting expression over the remaining parameter space
ap,bgs...a2,02... to obtain a true upper bound to the exact ground state
energy. On the other hand, notwithstanding the fact that (121) no longer
can guarantee an upper bound, one still could search the remaining
parameter space ag,bp,...a;,b;...in order to minimize the right hand side

of {1T21].

Minimizng (116) [or (121)] with respect to the functions Ry(r; ag,bo,...)
and Rj(r; a;b,,...) should yield a good value for the ground state energy.
The form of these radial functions must be chosen so as to take into
account the hard core potential. Thus, for both 1=0 na #=2 the radial

wave function is of the form

s L
Rﬁ(r; D = { (122)

ff(r‘; aﬁ,b!,...) re2 e
where ff(r;aj,bf,...) =0atr= 8 and ff(r‘; af,bj,...) + (0 asr + w.

From this point on there is no end to the possible choices one could
make for the variational functions. For instance

Frs 3,6,k = Niabk) (- r‘c)k{i _alrsedy e Ty (123)

where N is a normalization factor and a, b, k are the variational para-
meters.

Assuming we have optimized the energy and found a reasonably good
ground state wavefunction \I/D, we then can calculate the magnetic mo-

ment and the electric guadrupole moment of the deuteron as follows.
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The magnetic moment operator is an observable defined as

A o i e 2
Moo= (#N/ﬁ)-{ [ (31 + ilz)gp (41 - i1z)gn]; + (31, + i) f:}

Fug/RL L+ 1 )g + G- i )g )+ Bl +1,) B} (124)

2P
and recognizing that fq; = f; =4 ? [see (59)] we have
3 e Ay > R, 3
g = (HN/ﬁ) (il Ble# 11Z)gp + (31, - 112)gn151 + (31 + i) [ 1]}

4 . 3 : > % g -
Hug /AL B2 + iz g, + (1 - 12 )g)Ss + Bz + 1) (11} (129)
Here ¢ and g are the "gyromagnetic ratios. The empirical values
for these ratios are g = 5.58and g =-3.83. py= [—Z?%C—] in cgs

units. By definition the "intrinsic magnetic moments" (see Elton) are

po=tg gy end po=tdg ay (126)

Note that the magnetic moment observable (125) depends on the iscspin
oprerators. In particular, we note that

BE+1] [p> = tlpys 41+ i) = |@
and e P
BL- L) Ip> = 10> B~ L) = 1>

so, for instance, the orbital angular momentumn operator will only be
operative only if the nuclecn (i.e. a particle labeled 1 or 2) is in the

proton state, i.e. m; = 3.
The magnetic moment of the deuteron is, by definition, the expectation

value of the magnetic moment operator in the J=1, M = 1 state.

2
PMEERC ALY (128)
where ¥ _is the optimized trial functien for the ground state. Indeed

5 . N
}T = cos?w {Yor,11] K |Wor,110 + sinfe Wop 1| # [Wer,110 (129)

where we have used the fact that the "cross terms"” between the #=0 and
=2 functions vanish.

)
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We now carry out the algebra of the operator 3Dn Wo1,11 and Yzy,1y. We
can bury the radial wavefunctions for the time being realizing that in the
final expectation value they will simply contribute a factor of 1 as we
integrate the normalized radial function over r. Thus we consider:

ﬁ.{ Yo (0,8} [|a>y|ada] } { \_"%“P_>1|”>2 - |p>2|n>i] } (129)

There are two terms. We consider them one by one. The first is
VE R { (Yo|ady]adalpdsInds ) =
(/YL L, + 01 31+ 40+ 10 +g ] &5 + OF JOYPla> s[>, [pd1In>a))
and the second is
VI (- Yo ads]adsnd i [p>z)
i/ IVEL 10+g] 5 +08; + g, + 015, + 47 } (Yl s[>, [nd [p>)
so that adding the results we find
F{YL0,0) [[a>1]a>a] } { VE[Ip>1Inds - [pdalndi] }
= (/A VI lg, S + g, 3 Yo'l i]adalpdi|nds

g, S + gy 3 Yol b JadzlndIps ) (130

where we recognize that fql Yo® =0 for all components i=x,y,z. Now pre-

paring to do the inner product we have

2T (2T
[dqs Jsine dO Yo <al <a| (V3] <p| 2<n| - 1<n| 2<p| }
0 0 '

(PN/fi) \[g{ [gp g; ¥ gn 542] Yolladi|adz|p>i|md,

3 [gn é}1 + gP qu:] Y00|G>1|G>2[ﬂ>1|[3>2 }

= $u/P gy<alSila> +g @IS + g CalS|ad +g <alS o )
(131)

T
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where we have carried out the spin and isospin inner products in the
formal Dirac notation using
elp> = 2 <plwnlp> = 1; Lalad = ? Cal><E|ay =1
i
and so forth so that in addition to {p|p> = ! and <a|a)> =1 we have

&p|n>=0, <n|p>=0, <n|nd=1, <a|B>=0, <B|ad>=0, and <F|B>=1. Thus

: &
{Wor, 11| }?|k‘/01,11> = (,UN/ﬁ) { (gp tE {a| s |a)}
. = tuNg, + g)e, (132)
slnce ]

{a| $"|a> = De, + Ge, + ffe,. (133)

Indeed, considering only the =0 term, the only contributions to the
magnetic moment of the deuteron are the individual magnetic moments
of the proton and neutron which add together to give a non-vanishing z
component. The x and y components do vanish. As the texts point out
this is not the correct result -- close, but not correct. Thus we must
proceed to calculate the second term in (129) as a correction to (132).

Now we must evaluate <{i,; ;| ,3 |W21,11>. There are three terms in

F21,11 which we must consider. Moreover, as we take the inner products
the cross terms vanish so that what would appear to be nine scalar
products (integrals over 6 and ¢) are actually only three non-vanishing
terms. The first term MS =1 is analogous (129) which we just did for

Foi,11 except for the Clebsch Gordoen coefficient C,° = VO.1. Therefore,
carrying out the same steps we did above we find

[C0Y,°)* i<a| Ka| {VA{ <p] 2<n| - 1<n| 2<p| }
(/P8 (g, 31 + g, 3 JICYo) >4 ]a>a]p> >,
g, S + 8, 35 [C2Y |ad |adand o>z )

= Hiu/ M) g alSila> +g, CalS;|a> +g CalS|ad +g <ald;|ad} Ve |2
+g) <alSia> } [CHY0)7) . (134)
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Then doing the integrals over 8 and ¢ we get for the first (Mc=1) term

c

(/P {(g i ) Laf éﬂ]a)} Co?l%} = FN{(g g J($) HCP|2 (135)

The 1'\/{5— -1 term is sxmllar to the MS: 1 except that B replaces a and
the orbital angular momentum ? Y,2(8,¢) + 0. With Cz V0.6 we have

[C2Y %" 1<B]| 2€B| {Y3{ 1<p| 2<n] - 1<n] 2<p] }
(/8 Vh (L, S + g, 2 + 4 11 [C2Y2 16211821311

g S+ 2 sy +3 P (G257 1851|852 1m> 1 p>2 )

a PN/ﬁ [g {B| s ilﬁ’} e <B,Sziﬁ>
+ g, BIAIB + g BIRDNCAZP + 0217 (v P )

= /P (g, +g) <BISIB] ICAYOI +4 15717 (2 PY,2)
and doing the integrals over 0 and ¢ we get for the Mo = - | term
(/A ([lg, + ;) <BISTIB] ICAI7 +4 G717 2he))
=g e et 1} 150 (136)

P
Finally we must do the Mq = 0 term. With Cs! =- V0.3,

21 (V@ 852 + [ad2l824) } { VALIP>1In>: - [p>lrda] }
We look at the four terms individually

%}1 {[C1Y 1] ICT> |1B>2|p> 1>, = (i)

(/P 800 3, + 41+ [0+g ] S, + 0% } ((C2'Yz'T|a>1 18Dz [p>]nda)

3 15 { CICAYS1 @820 |pda) = (i)
(#N/ﬁ){ [0+gn] 31 +O?1 {gPJrO] qu: T if H- C21Y2 la>1|8>2 >y lpxz




3 2 {51 |81 |adapds|nds = (iti)

(/A lg,+0) 81 + 41 + [04g ) S, + 0% ) [CYI(IB1]@ds [pdi[n>a) }

b (-GS B 1 [ada|ndy |pde =
. A L B s
(HN/ﬁ}{ [D+gn] sy +04; + [gp+0] sp + 40 HE[CAYLY |8 4]ads [ndy|pda)}

(iv)

Adding (i)+ (ii) + (iii) + iv) and then taking the inner product we have

27T (T
[d¢> Jsine de

O o

[[Co1Y21* { VA[i<alo<B] + 1<Bla<al] } { Va[i<plo<n] - 1<nlo<pl] }
}?[Czwzl] { VE[|a>1|B>2 + |a>2|B01] } { VElIp>i|nD2 - |p>2|mdy])
£ T
= d$ fsine d6
@] O
1 W2 = 1 112 112 1% 14 i
Hiy/ B (g, <al Sile> +g Bl BIIC YR 2 + |G| (Yo" 41X,
tga<alSia> + g <BIS I 1ICY!P + |G 2 (Y2 47
+g [<BISIIBY +g <alS |G, + |G |2 (Y 1Y)
t2,[<BISIIB> +g <alSh @] ICY! 1P + |G (Yt 4 )

= (i /RGP s he, = puy(4) |G (137)

Then the sum of (135), (136) and (137) gives the final result for

<'1U21,11| 2 sz,u) -
= }lN{(ngrgn) (%)}ICZOP 4 pN{(gP‘I' gn) (—%) + 1”(:22! + PN{ % } ICzilz

= iyl (gp+gn)[%ICz°|2 - 3G + |C2% + 3G (138)
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Now using the values of the Clebsch Gordon coefficients |C;°|? = 0.1,
IC,|2 = 0.3 and |C32|? = 0.6 we have that 4|C;°|? - $]|C;?|? = - and
|C2|%2 + 4 |C,'|2 = 4. Thus we obtain

War,ae| g (s, = gl (gp+gn}[%lcé°lz'- 3|C2 1%+ [C212 + 31G %

= -, T8y + ik (139)

And finally the magnetic moment of the deuteron is

3 53
<qjo, e = cos?w {Yor,11| B |Wor,11> + sin®w Yy, 14| !?I‘P.?i,i&
3 | 5 5
= Wot, 11| K [Wor,11> + sinfew[{Pan, 11| 2 V21,100 - or,un| 4 [ Wor,102]
= pq(3) (gp+gn) + sinfw] - %pN(gP +g) + i

=4 N (gp + gn} {1-3sinfw} + 3 N sin®w (140)

= 4N [ (%gp + &gn){i - ¥sin‘w} + 3sinw |

= HN [ Ho + pn){l - 3sinw} + ¥sinw |
which is equation (4.40) on page 90 in Elton’s bock. Indeed, in Elton’s
text p=2.7927 and p_ = - 1.9131 are dimensionless quantities equaal

to %gp and %gn respectively and all magnetic quantities are in units of

ENE the nuclear magneton.

So the modification of the magnetic moment due to the tensor term
arises in two places, reducing the spin contribution and giving rise to
an orbital angular momentum contribution. The two corrections are

of order of a 6% reduction in the spin contribution and a 3% contribution
due to the orbital angular momentum. We did not replace sin®w by «?,
as clealy this is not necessary, and a“priori it is not clear that w is
small -- although in fact it terms out that w > 0.2 and so w? ~ 0.04.
We now consider the electric quadrupole moment of the deuteron.
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The electric quadrupole moment is by definiton

2T , 2
[qqu {sme do dq‘.) [3q2c0528q -g*}plg) (141)

where the charge density _p(q) is the expectation value of the charge
density operator. Here c?' is a point in space with spherical coordinares
dencted q, © , ¢ . Indeed, c? is a parameter in the operator -- or equally

true there are a non-denumerably infinite number of such charge density
operators, one for each point in space. Indeed. the oper‘ator is

e Pa s ins ) = {5(1:'1.‘_‘;)[%({1"'11) F: 5 CIT 12+12 .

p(ry,ra, lzzalzz; g = e
(147)

where 1 and 2 are the nucleon particle labels and the isotopicspin opera-
tors insure that only the proton (for which m, = +4) and not the neutron
(for which m, = -4) contribute to the charge éensaty The charge density

is thus given Zby the expectation value
@ = <¥| pl Rl iz @ 19 - (143)
The expectation value involves the scalar product
fzdr ]'sme d6 dqb Fo s A ‘J’D(?yﬁfsziz) ;}(---;q) W (r,€1€mna
6 & Sz p (144)
We begin by noting the inner product over the isospin singlet state is:

[V4(:<p|2<n] - 1<nl2<p]])] 5@*} VA(p>1]n>s - |ndlpda)]

A 45 6 X We rewrite rﬂ; and r—?z in terms
X of rand R , but understand R=0

Lo (5(-%1" ¥ q) iy 6[%r‘ A q) } % Note that the 3 dimensional
= 4e (8 6@+ 29) + 8- 2]} FSO - = (7 -3)/A% and

* + —+ >
e B =1/ Xo(r-a)=94(r+a)
WNere ¢ — . oA AR H e A A sk A Tk e e e e Ao ke e



Moreover since the charge density operator does not depend on the "ordi-
nary" spin observables, the various terms which occur in ¥ are "diago-
nal" in the spin states — i.e. they must "match up" in the bra and kets.
All that remains then is to do the spatial integrals which.[you would
think] should be trivial because of the delta functions. However, we
must be careful as the arguments of the delta functions are such that the
vectors between the particles are twice the length of the distance to the
point where the proton is. Indeed a typical term will involve

2T (T ~
Pdr‘ de Jsin@d@ R (r) Yfmf(e,qb)* p(q) R(I‘)Yfmf(gﬁ)
o)

G )

= : m m
=48 [R(29|? |Y, J?(?T—Qq),n+¢q)]2+ IR(29) |?]Y, E(Gq,qbq){z
= 8e |[R(29)]? m”‘ueq@qm (145)

which is a function of the coordinates of the position (i* The two terms
arise from the integration over the delta functions writh r= —Qc? in the

first term and I = ZCT in the second term. Here we have recognized that

the even spherical harmonics have even parity and so the two terms in
the second line of (145) are equal for both the #=0 and the I=2 cases.

Now we understand that the wavefunction to be used in the calculation is
‘lfo = COSW Yoy,11 + Sinw Wyy 1y where Yoy 1y and yyy 4y are given by (90)

and (91) with the parameters having been optimized by the variational
calculation of the ground state energy. We have terms

P(E]'} = cos®w {Woi,11] p |Wor,11> + sinwliny, 1| p |Wa1,10 +
sinweosw[{Wor,11] p |W21,110 + W21,11] P |Wor, 1]

X from the "diagonal” o,y

= 8e {cos?w[ |Ry(29)|? [YDO{Gq,q')q) *] X term

*

+ sinfw] |Ro(29)|2 { 0.1 [Y,20 ,¢ )| ¥ from the “diagonal” Wy,
e X term; orthonormality of
+0.3 |Y,10 ,¢ ) |2+ 0.6 |Y,2(6 ,0 )|% ] X spin functions leads to
e 99" 7 *this sum of |... |2

%% %%

+ sinwcosw (V0.1 ][ Ro*(29)R(29) Yo°(0 _,¢ )*Y,%(6 ,¢ ) ¥cross term
4y 99 Xfrom the a;a;

+ R2(29)*Ro(29) Y220 ,0 )*Y%(0 ,¢ )] } *spin factors.

: .5 (146)
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where we recognize 0.1, 0.3, and 0.6 as the squares of the CG coeffi-
cients. Inserting the explicit expressions for the absolutes squares of
the sherical harmonics we find that the charge density

1—[ [3cos?0 - 1]? + 18sin?0 cos?0  + 9sin*0_ |}
T q q q g
+ sinwecosw{V0.1 { Ry(29)R,(2g) + R;(2q) Ro(Zq} [ VS ](BCOS Gq - 1)}}

= 8e { cos?w [ |Ro(29) |2 _2}“17;‘]

+ sin |Ry(29) |2 (5= (10 - 6oos?6 J (147)

+ sinwcosw{V0. 1 { Ro(29)R2(29) + R,(29) Re(2g) [ L1 ](BCOSZQC} - 1)} }

LI Ee[e we udVE nDtEd {'hat
Qcos?0 (1 - sin®B ) - beos?6  + 1 + 18sin?B cos?B  +9sin?B (1 -cos? )
g ; g q g g q g

= 9 4+1-6cos%0. = 10 - 6::::3529‘:]. (148)

First and foremost, we see that the overall charge density is not spheri-
cally symmetric. The first term (=0 arising from vy, ) is, by itself,
spherically symmetric and as such does not contribute to the electric
vadrupole moment. The next term (#=2 arising from s, ;) is an
oblate (hamburger bun) spheroid and the third term (the cross term) is
a prolate (hot dog bun) spheroid. It is precisely the fact that the charge
distribution is not spherically symmetric that the deuteron has an elec-

tric quadrupole moment.

Now we must evaluate

T 2m - y
g =y qqu {EmB dqbq [380529q - 1lq° {DOS w [ [Ro(29)|? [—4—7;—]
1
+ sin‘ !Rz Zayi® | o7 {10 - 6(:0526q}]

+ sinwcosw{V0.1 {Re(29)R2(2g) + R;(2g) Re(2q) {g—i] (300528q - 1)} }
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’ﬂ*.

We let the new dummy variables of integration be r = 2q and thus
arrive at the expression given in Elton, for indeed

g= %,« — qqu - [%]3 rdr and qz L [%]2 r2

Thus we need to evaluate .

{ o 21 | ‘ PN
0= TEdr Ein@q gqbq [BCDSEQq - 1]r? {coszw [ [Rq(r*) j# = ]

1

+ sinw IRZ(F} ,2 {"m {1D = BCDSZGq} (149)

+ sinweosw{VD. 1 {Re(r)Rz(r) + Ra(r) Ro(r) [—g—g] [3(:0529q - 1)}}

which is how Elton get the factor of . Evaluating the integrals we have

P ;9 B 2m 2 2
O {O + sinfw [ Jsm@d@[dqb (3cos?6 - 1) (10 - bcos?O) | \ 327

=LA O 0
)
N
X g5 [r‘“ dr |R,(r) |?
0
T 2T
L : ; 29 - 20
+ [VO.1]sinwcosw [fsm@d@ de (3cos?0 - 1)(3cos?0 - 1) | \ 167
O O SR
- ¥ ¥
x g—— | r*dr {Ro*(r) Ry(r) + R*(r)R,(r)}
0
Therefore the electric quadrupocle moment of the deuteron is
@
Q= ZITI ridr |Ry(r) |2 +
0

(0]
+ _ZVéT [ r* dr { Ro(r)*Rz(r) + R, (r)*Re(r) }
1 0

which (for real radial functions) is the result on page 89 in Elton. Note
that in Elton Re(r) = u(r)/r and R,(r) = v(r)/r. Once we have found the
parameters in the radial functions by optimizing the ground state energy
we are able to find the electric quadrupole moment.
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