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Here is a little write-up of the deuteron problem — one of the possible problems on the 
Quantum II final last month. We show how to calculate the magnetic dipole moment and 
the electric quadrupole moment of the deuteron. The write-up in Elton's text (which I 
handed out in class) was brief to say the least. It also used the quasi-classical "vector 
coupling model" which most of us learned in an undergraduate Modern Physics course, 
and did not do the Clebsch Gordon algebra which is (I think) important to understand 
what is really going on when we "couple" angular momenta. In the case of the deuteron, 
the Russell Saunders coupling of orbital and spin angular momenta yields a total angular 
momentum. Moreover, the presence of the tensor force allows the mixing of the L=0 and 
L=2 orbital angular momentum states. I tried to be very rigorous in the discussion and 
derivations, making sure to distinguish observables, eigenvalues, eigenstates, quantum 
numbers, etc. If you want to discuss any points I would be happy to do so. 

Paul W. 



The Deuteron 

We want to consider the ground state of the deuteron from the tradi-
tional nuclear physics viewpoint. That is, we want to use non-relativis-
tic quantum mechanics to explore the bound state of a proton and neutron 
(each considered as a particular isotopic spin state of a nucleon). We 
shall simply elaborate on the formalism presented in the texts by Elaton 
and Erder in chapters relating to the structure of the deuteron. Having 
found the ground state wave function we would then be able to calculate 
various properties of the deuteron, such as its electric quadrupole 
moment and its magnetic dipole moment. It turns out that the ground 
state wave function must be a "mixture" of relative angular momentum 
states with i=C) and .P=2 in order to reproduce the experimental values 
for the electric quadrupole and magnetic dipole moments. In turn this 
mixing is the result of a non-central potential energy term, the tensor 
force, in the Hamiltonian. Indeed, this term for the tensor force com-
mutes with neither the components of orbital angular momentum nor 
spin, but it does comute with the components of the total angular mo-
mentum, the operator which is the vector sum (component by component) 
of the operator for orbital angular momentum and the operator for spin. 
"Coupling" angular momenta to form a basis for the eigenstates of total 
angular momentum squared and one of its components is an exercise in 
the Clebsch Gordon algebra. Indeed, we did this for the atomic electron 
problem but the math is the same for the deuteron structure problem. 

However, we want to be more rigorous than either of the texts by Elton 
or Erder in regard to "angular momentum". In that regard such proce-
dures as replacing operators by eigenvalues will be anathema. We will 
spend the introduction looking at the "spin 1" problem with an eye toward 
including spin and isopspin "coordinates" in the configuration space 
wavefunction. 

Our point of view is that a nucleus is a bound state of a collection of 
identical indistinguishable fermions called "nucleons". Each nucleon has 
two internal degrees of freedom: "ordinary" spin and isospin. Both 
degrees of freedom are described by an intrinsic angular momentum 
operator. Thus the vector observable "spin" is 

s 	s x eX + 	e + 	e 	 (1) y y 	z z 
where the unit cartesian basis vectors e are introduced in anticipation of 
taking "cross products" and "scalar products" of the this vector operator 
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4 4- 	4 
with other vector operators such as r, p, and 	r x p 

4 
). These are 

indeed observables (Hermitian quantum mechanical operators). We have 
put a caret (^) above the operator (as we had done previously); we have 
not put a caret above the unit vectors e which are in boldface tpye; but of 
course the e's are not operators. By definition of angular momentum 

operators, the components of s obey the commutation relations 

.] = if? E. jk k (summing over the repeated index "k") 	(2) 

where 	 ± 1 for 
Eijk 

even/odd permutations of 1,2,3 (x,y,z) and 0 otherwsie. The observable 
2 ==_ g x2 g 

y
2 + 

z2  commutes with each component g .. Following our 

tradition we choose g
z 

so that { g 2 , § z}  is a set of commuting observa-

bles. From our general considerations we can always find a set of spin 

vectors which are eigenvectors of both g 2  and g
z
. Thus the eigenvalue 

spectrum of s2  is s(s+1)h2 , where the quantum number s = 0, 1, 1, ... 

and the eigenvalue spectrum of g
z 

is m
s
h, where for a given s, the 

quantum number m_ ranges from -s to +s in unit steps. There are 

(2s+1) values of m s for a given s. Thus, in Dirac notation we write 

2  I S ' s > = s(s+1)h2 js,m s> 

1 s,m s> = mshls,m s> 

where we have written the quantum numbers s, m s and the corresponding 
eigenvalues s(s+1)h2, m sh in script. 

Again from our general considerations, we also introduce the raising 
and lowering operators 

= x ig y 	 (4) 

so that with the understanding that all ket vectors are normalized to 1 

g+ 1 s ' ms
> = h[(s - m)(s + m + 1))2  Is,(m s+1)> 

(5) 

	

I s,m s> = fiRs + m s) (s - m s  + 1 )1 2 I S  ( 	1 )> 

C3) 



For spin s = 2 there are two eigenstates states I i> and 11, --i> and 
the most general single particle spin state can be written as a linear 
superposition of these two eigenstates. Thus the most general state is 

	

Ix> = a IL 2>  + 611, -2> 	 (6) 

where by virtue of the completeness and orthonormality of the basis 
vectors the consatnts must be given by 

a = 	IX> and b = 	Ix>. 	 (7) 

That is, the formal statement of (6) after inserting (7) 

IX> = 	<1,11x> + I/, -- 1> <1, - 11x> 

= 	11,1> 	11, -1> <1, -11} Ix> 	 (8) 
implies the Dirac "outer product" form is the identity operator: 

<1,1-1 + 115-1> <15-1I} — 1 
	

(9) 

In general, a linear operator G xy 5  ` z) on the spin space yields 

Gjx> = IF> = 	(a) G 	+ (b) G I -i5 --1> • 	 ( 10) 

As we did in Quantum Mechanics II, we wish to represent this relation 
in some convenient basis. That is, the states I x> and I F> will each be 
represented as a 2xi column matrix of complex numbers and the general 

operator G will be represented by a 2x2 square matrix. Since G itself 

is some fucntion of the observables 	 all we need do is find 

the matrix representatives of these operators in the chosen basis for 

then the matrix G representing G is the same function of the matrices 

s , s s as is the operator relation itself: 
,x „y' „z 

= G(s,, s , s 
z
) . 

We choose the basis of eigenstates of s 2  and sz , that is { 
Thus we need to represent the equation 

IT> = gi IX> = gi IM> <MIX> + 	q5 -11X> (12) 

and so in turn need to find § i 11,3> and §i  I 	for i = x,y,z. But each 



of these can presumably be expanded as 

Si I2,2> = ILO 	+ 11 5-0 	
(13) 

gi 115 - i> = 1152> <1,11gi 115-1> + 11,-1> 
whence (12) becomes 

IT> = fl251> <1511gi 11,1> + 	 <I5210 

+ 	WI> <1511gi 125 -1> + 125-1> <15-11gi 111-1>1 <15 -2lx> 

= 	<1,11T> + 11,-1> <15-11T> 
	

(14) 

where the last step simply recognizes that IT> can be expanded in the 
{ILO, 125 -2>} basis. But the basis vectors are linearly independent 
and thus we can equate the coefficients of each basis vector on the left 
and right to find the two equations: 

+ 	 = <MIT> 
(15) 

= <-1,21T> 
which rewritten in matrix form is 

      

<LI I gi I i5i> 

<L -1 I I LI> 

 

. (16) 

     

Specifically, this is a matrix representation in the { I2,2>, 12 5 -i>} 
basis of the vector relationship (12). The elements . of the matrices 
are complex numbers. The square matrix must be Hermitian. 

The matrix elements follow from the general abstract commutation rela- 
tions of the operators themselves. Indeed, writing s x  and sy  in terms of 

and g and then using the properties (5) of the raising and lowering 

we find 

' ms = 2 [ <I 5 M 	 1  s  + 	_ 1 25M s/ 

if?  Em s  --(11/ 
s 
+1) + 6m s  '(m s-1) 

(17a) 
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<i ,rns y  li, rns  > = (-1) i <I011 3- 1 +  

= (-1) ih{ (5m 
s 
-(il 

s 
 +1) - 67-11 

s 
 -(m 

 s 
 -1) 

,m 	m > = m h 6 s z 5 s  S 	 in 
S S 

and thus the 2x2 matrices representing the operators in basis 
are: 

(17b)  

(17c)  

111,ms>1 

= ih [ 	ox 

s = 
-Y 

S = 
NL 

s2 — — 

r0 h 
ih 0 

0 -iih 
Hit 0 

ih az 

%D 	

) 2 + 
■-) 	 - 

2 + s 2= 	1 0 
 [ 0 1 

lh 0 1 _ 
I_ 0 -ihj - 2 

= lh 

The set of a matrices are 
* called the Pauli matrices. 
* * 

N L NJ  
and so 

	

2 	1 1 °1 

	

NL 	 0 1 

commutators 

th e. s 
jk k 

[a- . o- .] = 2i E.. o-
,1 5  

lh a * CT 2 — — CT — 2— * 
N y * 

• 

X N y 

* The matrix 
* 
• [s., s . I = 

* 

Instead of choosing g z  along with 'S2  as members of the commuting set 

we could choose g x 
or sy. But even more generally, with n a unit vector 

defining some arbitrary direction in space, we could take g 2  and s.n as 
the set of commuting observables. With the unit vector 

n = (sine cosec) ex 
+ (sine sin4) e + cose ez 	

(19) 

the (abstract) operator is 

sn  = s . n = (sine coscb) x + (sine sinq5) s + cosegz (20) 

If we use the Pauli 2x2 matrices to represent the operators we write 

1 0 r  -+ s • n = (sine coscb) [In 0 1 i 0 )] + (sinesinq5) h 	)] + cos0 [3-h [0 i )] i 0 

 

r 

   

 

cose 

sine (cosq5 + i sine) 

sine (cost 5 - i sincb) 

-cos° 

 

S = s

- 

'n - — 2 

 

(21) 

     

(continued) 



s ,n = 
cose 

sine e i Cb  

sine e 

- cosh 
(21) 

We should understand that this s is a matrix representation of the opera- 
tin 

tor sn  in the basis { 11,P, 11,4> }. We can find the eigenvalues of 

and sn  most simply by diagonalizing their 2x2 matrix representations. 

The eigenvalues of the above 2x2 matrix follow from the characteristic 
equation. Letting the eigenvalue A = ifiA we have 

 

cose - A 	sine e-ig)  

sine eig5  -cos° - 

 

 
 

det [(1h) 0 

  
 

  
 

or 
	 (22) 

(1h) 2  [ - cos 2e + A2  - sin2 e] = 

so that A = -±1 and the eigenvalues are A = 	Of course s 2  = ift 2 [01) 

and so the eigenvalues of s 2  and sn  are also ih2  and ±ih. The new ei-

genvectors are, of course, not fis,rn s>1 	fl 151>  5 I 	the eigen- 

vectors of s 2  and sz . Rather, we designate the new eigenvectors as 

ni,t>, 14>1 and accordingly 

2 115t> = 	 e‘n li5t> = +ih115t> 	
(23) 

- 211 1) 	= ih11,4-> 
The coefficients for expanding the new vectors in terms of the old basis 
can be found in the usual way. We are guaranteed (by the fundamental 
theorem of linear algebra) that the pair of equations written in matrix 
form 

, 
sine e-  ig5 	

, 

sine ei g5  -cose 

	uix , 

u „
/\ 	

A 
r 

u-ix 
= 

ulx  cos() 

 2 

has a nontrivial solution (i.e. are "consistent") if and only if (in this 
case) A = ±i. The non-trivial solutions are given only up to a normali- 

(24) 
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zation factor times an arbitrary phase factor. We abbreviate the basis 
vectors {WI>, 11,-2>} by {ID, -2>} and {li,t>, l2k}  by {It>, 14.>}. 
Thus 

	

cos() u2A  + sine e 	u_i  = 	u 
2A 2X 

sine ei` u cose u_il
21‘ = Au - 2A 

 

and so 	 -i(15 sine e  

	

ulA 	- cos() u-IX 

(A + cose)e  ui , = 

	

2A 	sine 

which are consistent (as they must be) for A = 1 and A = -1. The 
normalization condition requires that 

itilx1 2 + iu_lxl 2 = 1 . 	 (26) 

Doing the algebra we obtain 

- 2Xcose + cos 2 8 
sin2 e  

/ 	2  = 1 

2(()  - cAocsoes) 02 ) 	
I

= 	 (27) 

Specifically for A = 1 we get 

u-2X=1 	
3-(1. - cose) 1 1"eil = sin(10) 

	
(28a) 

where e11  (y real) is an arbitrary phase factor and from (28a) and (25b) 

- cos()) 	e iY = cos(10)e i(q5  
ulX=1 — 	sine 	 (28b) 

Then continuing for A = -1 we find 

u 	i  = { 	+ cose) }2 ieid  = cos(ie) e id (29a) 

(-1 	+ cose)e i C15  3-(1 + cose) 1 e
id = -sin(0)e-1(q5-6)

(29b) LqX=-1 	sine 

(25a)  

(25b)  

_ (1 + cose)e 1 q5  

and 
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u 	u  
tti 	ft-i 

'11 	t4---1 
u 	u  

and so 

	

cos(28) e icI5 	sin(16) 

	

-sin(28) e lf 	cos(28) 

r 

Ut = 
ti 

(32) 

6 is a second arbitrary phase factor. We take y = 6 = 0. Therefore 
the unitary transformation matrix is 

cos(26) e-icb  - sin(26) e 
U u_ i*  u  

-21, 	sin(0) 	cos(26) 

and so the basis !IA.>, Ilk} expanded in the basis fl i5 i>, 11,--2 >1 is 

11,t> = [cos(i6) e ici5] WI> + [sin(0)] 

	

1> = [-sin(10) e 1 q5] 12 ,  i> + [cos(0)] 11,-2> 
	 (31) 

The inverse transformation is 

(30) 

= [cos(10) e i cb] 12 ,  t> + [-sin(0) e iCb] IL 4> 

115 -4> = Isin(ie)] 1, t> + [cos(16)1 1154-> 

We take the basis Ili, t>, 12 , 1>1 as defining part of the 
space" representation, where the "coordinate" label = 
we abbreviate the notation so that the basis la> = 1 2,2>, 
and the basis It> = I i)t> 11> = ilk we have 

<at la> = cos (28) e lq5 , for = t 

<1 I a> = -sin(0) e i g5 , for = 
x2( ) = q1a> = 

(33)  

"configuration 
or 4. Thus, if 

113> = l2) -4>) 

(34)  

116> 
-2 	

t ‹t IP _1 

<-1- IP> 

rcos(10) e l q)   

-sin(26) ei4)  

= sin(0), for = t 

= cos(30), for d= 1  

r  sin(26) = 2 = 
cos (28) 

a- ( = (35) 



or antiparallel to 
More often than 

(36) 

The labels t and .1, suggest the spin is aligned parallel 
n and often are refered to as "spn up" and "spin down". 
not, we choose n = ez whence 6 = 0 whence 

<tia> = 1, <41a> = 0; <tl8; = 0, <UP = 1. 
For a single particle with three spatial degrees of freedom and spin 
the configuration space representation is based upon appending the eigen-

states of c(, 9, 2, to the eigenstates of s 2  and sn  = s n. Thus we have the 
basis 

-co x < co 
"=-= I X 5Y5 Z 5> 	I X 3Y, Z> ®  I 	; -co < y < co =t5,-t. } 	(37) 

The state vector Ilif(t)> is represented in configuration space by a wave 

5Z, 9, 2, sn  (given that always s = and thus need not be specified): 
function defined over the range of elgevalues of the four observables 

-+ 
<r ,IT(t)> ='(r  ,;t) = 	 (38) 

The wavefunction thus is a set of scalar products (complex numbers) 
defined over the "space and spin coordinates" of the particle. 

This would be a sufficient (i.e. a complete) description of a single 
particle state where, as in the case of an electron, "ordinary spin" is 
the only internal degree of freedom. For a nucleon, however, there is a 
second internal degree of freedom called isospin. This degree of freedom 
is also represented in terms of angular momentum algebra of spin 2 , for 
empirically, there are two states of the nucleon; with i = always, the 
m i = 	is the nucleon state called a proton and m i = - 	 is the nucleon 

state called a neutron. Thus we introduce i = i e +i e +i e and xx yy zz 
i2 = i 2 + i 2 + i 2. Analogously to "ordinary spin" the two eigenstates 

of 1 2  and iz 
satisfy 

(as i = i) 1 2 1i,m i > = i(i+i)ii,m i > = 

> , (for m i  = 	. 
	 (39) 

Note that we have not included factors of h since the algebra does not 
require a mechanical angular momentum. We introduce a set of 2x2 
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cos(0) e i4) 
 

= Op> 

-sin(28)e i g5 
 

= 

{

sin (0) = </ in> 

cos(10) = <\ In> 

(41) 

T (q) = 

T 	) 

<q ii=3.mi 

= m - - 2 / \ = <T11 -1 

matrices r , r , r analogous to the es. Thus, 
r■-tx 	 z 

O i  
= 	=I ,x Ny  

ro-ii 
Li oj =it ?z

= 2  
-Y -z [

1 0 
0  _ 1 ) = 2 rz  (40) 

But once again we could choose to diagonalize i 2  and '; 	n. Analogous n „ 

to the ordinary spin, we define the eigenbasis of { i 2 , iz} such that 

11,i> -= jp> (proton) and 12,-3> 	In> (neutron) and the eigenbasis of 

of it  i 2 , i n} as 13,2> = 12,q=/> and 13,-3> = lq=\>. 

We define q the isospin coordinate q = /,\ and in a similar fashion 

	

i 	cos(E8) ei g5 	 sin(28) 
p =T I  = 	 ,,,, 	; n= T ij -.,--- 	 (42) 
, 	- 2 	̀-sin(38) ei4" 	- 	-2 

,. 	 ,cos(ie 

and again for 8 = 0 Op> = 1; Np> = 0; Op> = 0; <\In> = 1. 

Thus the configuration space for a nucleon is expanded to include isospin 
and the basis vectors for the configuration space representation are 

r 	 -co C  x < co 
= 
= /)

4'
\ 

II , ,q> = jx,y,z> 0 is=3, 0 0 I i=3,q> a) - IC y a) 	 (43) 
ri  -a) 	z -- co 

and the wavefunction for a single nucleon is 

<x,y,z,,q14f(t)> = W(x,y,z,,q;t) 	 (45) 

which depends on five coordinates. As usual 0 denotes the "direct pro-
duct" so that the complete set of basis vectors is formed by taking every 
vector in each of the three sets to form the triplet. 

1 0 



So far this entire discussion has focused on a single nucleon. We can 
construct two particle (and many particle) states in the usual fashion by 
"vector coupling" direct products. Thus we shall let "a" indicate the pair 
of quantum numbers 	it' and "ir indicate "I, 	for ordinary spin. 
Then for the two particle spin observables 

4 
S2  = (Si 

4 
+ S2) • (Si  s2) and Sz = z + ' 2z) 	 (46) 

The two-particle eigenstates which satisfy 

S 2 IS,Ms> = S(S+1)h2 IS,Ms> 

z iS,Ms> = MshiS,IVI s> 

are explicitly 

IS=1,Ms=1> = la> i la> 2  

1S=1, Ms=0> = 	la> i  

I S=1,Ms=-1> = Ig>ilg>2 
and 

+ la>21)9> i 
} 

Three triplets 
S=1, with the 
three choices 
MS = 1 ' 0 , -1 ' 

(47)  

(48)  

15=0, Ms=O> = { la> 1 1P 2 - la>2 1#>1 one singlet 
spin function 

These two particle states are arrived at using the Russel Saunders vec-
tor coupling scheme where the coefficients 1, or ±A- are simply the 
Clebsch Gordon coefficients for coupling two s = 2 spin states. Indeed 
the spin states of two nucleons (each with s=4) can only be S = 1, with 
MS  = " 0 -1 and 5=0 with M =0. The configuration space representa- 

tions of the two nucleon spin states (K c  m ("15-2) = 'S M > ) are  

x 	= a cu a ( 2) 

X1 , 0(652) = 	{ a(U i3(2) 	a(2) ial (U } 	two particle 
spin functions 

X1 5 _0152) = i6(i) #(2) 

X0 , 0(152) = 	a( 1) f3(2) 

Three triplet 

and 

- 	 a(2) )3(U F 

(49)  

One singlet 
two particle 
spin function 

1 1 



Similarly, for the isotopic spin, the eigenstates of 

and 

1 2  I 	= 1( 1+1) I W I> 
iz 	= M1  I i,mi> 

I 1 =l9m1= 1 > = IP>1102 
li=i, m1 =0> = VI{ Ip>1102 + Ip>2In>i 

11=1,M1 =-1> = 

(50) 

Three triplets 
/ =1 5  for the 
three choices 
MI = 5 0 -i • 

(51) 

11=0, M1 =0> = \ri Ip>iln>2 - ip>21n>1 } } 

one singlet 
1= 0, Mi=0 

for which the configuration space representations are: 

T 1,1 (r11 ,r12) = p (ql) p (r12) 

T 10 (q15q2) = 	{ p(rii) n (p2) + p (TO n(qi) 

T 1,-1 (qi ' q2) = n (qi) n (p2) 

Three triplet 
two particle 
isospin functions 

(52) 

T 	152 	- 
= 	P (i11) n (r12) - p (12) 0 5 0  

one singlet 
two particle 

isospin function 

where T 1 Al  (q 1 ,q2) 	<q 1 ,q2 1/ 5 M1>. Again we have simply vector 
i  

coupled the nucleon states using Clebsch Gordon algebra to get the two 
nucleon isospin states. There are no factors of h in the isospin algebra. 

We have spent the introduction discussing the spin and isospin states 
of two nucleons. We now turn to the real problem at hand, determining 
the ground state wavefunction of the deuteron with which we will be 
able to calculate the properties of the deuteron such as its electric 
quadrupole and magnetic dipole moments. The deuteron is a two body 
problem and so the first item of business is to separate the center of 
mass and internal (relative) spatial coordinates. We do this is the usual 
way; however, we do want to do it explicitly since there is a specific 
problem for the deuteron which we must address. 

We consider the spatial observables for the two nucleon problem. 
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4 A- 
r 1   = K - 

r4- 
(p/m i ) 

at 
r2 = K 

r4 
(1//m2) = 

= 	- 

(53) 

The nucleons are identical fermions and so m i  -7=7 m2. " i "  and "2" are the 
particle labels and lower case and upper case quantities are the relative 
and center of mass observables respectively. Note the caret and the 
arrow; we express one set of vector operators (observables) in terms of 
the other set. With p the reduced mass, the "new" coordinates are 

- 4- 
= r2  - r 1  

ft 	m iri  + m 2r2  ___ ir
ri r2 

4 
— 2  m i  + M2 

and the "new" momenta are 

 

m ) = rt2 i  

  

p2 
m2 

+ 

 

P 1  = (1-1 /m2) --  

(54) 

P2 = ( 111/rni)+ P = 	Et 

 

 
 

 
 

The orbital angular momentum observables are therefore 

=r X F)41 = (ft - 1T') x 	=1[(x) + 	- 3 rx 	x Et 

and 	 (55) 

= 	x p42  = 	x (3-4) = i[(ft x 	+ (rx Et)] 	rx fr+ft x 

so that 

+12 =ftxf + rxp = 
4

+ 
 4 

L  

Here, 

L =xr and 
4 4 4 
i=rxp 

are the observables for the angular momentum of the center of mass 
and the relative angular momentum of the pair about the center of mass 
respectively. The kinetic energy operator is 

P1 2   +  P2 2   —  [(11/rn2)F -  P1 2 +  [ (p/MI)ti
4 

 + 
4 

2m 1  2m 2m 1 	 2m 2  

p2 

2M 2p (57) 

m i m 2  
2  where M = m 1  + m 2  = 2m and p = ml+m = m, with m i  = m2  = m. 

m is the mass of a "nucleon". 

(56) 
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The Hamiltonian is 

V(rts Its 'pis -p2,— 	21111 	2m2 	Sig Sts lip 1 2} 

p2 	 4 	4 4 	
) 
‘ 	

(58) P 	+ V(r 1, s i;  s2 „-i i , 1 ? 	- 
= 2M + 	

2  

-2p 	. 	' 

where the second line is a consequence of the two nucleons being identi-
cal particles and the assumption (which is not rigorously true) that the 
interaction energy operator does not depend on the center of mass coor-
dinates. In effect, we claim to carry out the calculation of the internal 

energy in the center of mass frame and thus take not only <L 
4- 

> = C., but 

	

4- 	 4- 

	

also individually < 	> --='- 0 and < ft > ---=- 0 . I presume you see the con- 
tradiction in this last ansatz! Nevertheless, we essentially dropped all 
reference to the center of mass effects from this point. In particular 
in considering the spin orbit interaction, we take 

4 4 
= 

so that 

 
and /2 =I 

4 
 (59) 

4, 4
/I'S! 12'S2 = 

i 
I 
 4, 
•S
4 

[Si S 
4

2J 	 (60) 

Dropping the center of mass operators, we take the "internal" (relative) 
Hamiltonian for the deuteron to be 

4 4 	=o- 4 4 
HA  = /9)2 	+ V (r) + V (r) [K] 	(si 	s2) + VT (r) [A] T12(r , si, 2) C 	SO 

where the tensor operator 	
(6i)  

4 	4 4 
T12 = 3 (s

4 
 • r

4  
) (s

4  
2 .r)/r2  - s i ._s 2  . 	 (62) 

We have included factors [K] and [A] (not found in the texts) since the 
operators to the right in each term have dimensions of angular momen-
tum squared. We anticipate the [K] and [A] — a constant/n in order that 
"V" has dimensions of energy. There are indeed additional terms in the 
general form of the nucleon nucleon interaction, but we settle on just 
these three. (For example, the Coulomb interaction between two nucle-
ons both with m ;  = 	(i.e two protons) is not operative in the deuteron. 
This would emerge from the formalism since, as we shall see, the 
deuteron must be an isospin singlet.) 

H 
/3 1 2 + 

 P22 
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The tensor operator is such that its "angular average" vanishes: 

27r „ 
fvsinede f dcb 	 = 

7r 
fSinede d w 	--2-  k5 2 r2sin2ecos2q5 + 	g2  r2sin2esin2q5 

X 	 Y Y 

+ s izes  2zr2cos2e + "cross terms which vanish" - s 
4 

 cs 
4 

2  } 	0. 	(63) 

The potential energy factors have theYukawa form 

 

co, r r
c 

 

Vv  (r) = 
(64) 

 

V 	 r rc ou 

 

for u = "c" (central), "so" (spin orbit), or "T" (tensor) potential. In 
each term r_ is the (same) "hard core radius. 

The problem is to find the ground state energy and wave function, i.e. 
the lowest energy solution to 

	

FIT(r5 	 = 	5s15c25/11,q2) 
	

(65) 

so that knowing we may evaluate the ground state properties of the 
deuteron (e.g. its magnetic moment and electric quadrupole moment). 
We have chosen the configuration space representation for the Hamil-
tonian whence we can find a set of partial differental equations for the 
ground state. However, we first need to get a handle on the form of T. 
The tensor interaction contains the factor 

T12 = 3 (
4 

r) s 
f 4 9A 2 

	

4 2 .1-) / 	- s • s
4  

2  

= 3 (i,j 2j )(2k*‘k)/r 2 	Vzsj  

— (3 'Yk/r2 	6jk} ‘1?2k 
	 (66) 

where we sum over the repeated indices. This factor commutes with 
the components of total angular momentum 

J. =1. + 	+s2 . 

	

1 	1 	1 	2 1 
	 (67) 



but not with the observables and 	+ 	separately. To see this 

we write the orbital angular momentum components as 

. = eimnxmpn 
	 (68) 

(summing over the repeated indices m,n) and consider the commutator 

[T12, 

	

= [ (3)‹
jk

/r2  - 6 } E 	2rn' 	̂ 

	

jk E. 	n sli 2k 

(3E imn/r2) [C(.5 	 ] k' m- n 
s ijs2k 

Consider the factor 

[5;
jk ' 

2m F n] = 	j ' m pn - 	[r)n,.2k] 

= 2j2k 5"mPri 5Zm s2j >"k[3n 	2m151-1)Yk 	2m s2.12kPn 

= 0 - xm {fin ' 	) ,j [5(‘E( 515n]j 

= 0 
-m{.riXk 

- X j  (ihdkn) } 

Using the result (70) in (69) we have 

[T12, /i] = {3ifte
imn

/r2){2k .
n
+s2

j 
dkn 2k 

111111
/r2)  Rm

s2
k1n

g
2k 

+ 	S i. 
J 

. 	4 4 4 4 4 4 4 4 
— 	 (— (r x s i). r.s2) + (r • s i ) (r x s2).} 

which clearly is not the null operator. Similarly, the commutator 

[T12, = [ {32.52 /r2  - 6j 	1 1 j k 	k 	j §2  k' 

 

 

{3)'Yk/r2  - 6  ik } [s1  j' ti]  32k 

{35'i *sk/r2-  6  sik} {ihE  jim g  I Ill} 2k 

= -3in/r2 {E
ijmjm 

} k §2k  )1 + iheikrn
5
im2k  

4 4 4 4 	4 4 
= -3ih/r2  (r x s 1 ). (r . s2 ) - ih ( i  x s2). (72) 

(69) 

(70)  

(71)  
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4 in 
A 

 s1With the symmetry of and s 2  n T12 it is clear that 

[T 12 , 	= -3ih/r2  { (r x s2) i  (r•s i ) - ih (s2 x  s1)1 

It follows from (71), (72), (73) and the fact s 
4 4 	4

1 x s2  = - s2 x s
4 

i  that 

(73) 

	

[T 12 , Ji ] = T12, /1  + 	+ 	=0 . 	 (74) 

Thus the components of the total angular momentum commute with T12 

although the components of the relative orbital angular momentum and 

the components of the spin do not separately commute with T12. Thus J2  

and one of its components, say Jz
, can be included along with the Hamil-

tonian in a complete set of commuting observables. Equivalently stated 

I is not a good quantum number, but J and Mj  are good quantum numbers. 

Apriori, S is also not a good quantum number (since the components S i  

do not commuite with H). However, other constraints (see the following 
arguments) make S a good quantum number for the ground state. 

We write out the configuration space form for T12. We note that 

4 4 	 4 4 
r .s = (F-4_ + 	+ F-00  and scs2  = 30 1 42  

Defining F.+  = (x + iy)/r = sinee i(P, 	= (x - iy)/r = since 	= cos() 
we find that the tensor operator can be written 

4 4 4 4 4 4 
T12 = 3(r -s 1)(r.s2) - 5 1 .52 = 

	

3f4[ r+2  s i _s2_ + rTr_(s i _s2+  + s i ,s24 + r 2  Si A524.] 	r02  -10-s  s 20 

[r+ro 	+ 5102-) 	r_r0(g1420 + 's 10g2+)] 

	

-ti[g 142- + 	+ 5 10201 

= [r+25 1 _52_ + r_ 2g 142+] + [ (ir+r_ - 	+ g i+g2-) + [3r0 2  

+ 	+ 5 ) + r_r0 (g 	+ 	)1 -20 	-10-2-, 	 1+-20 	-10- 2+, 

Now the six angular factors can be expressed in terms of the five spheri- 

' + 1-g2+1 + g102 0 

(75) 
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cal harmonics for /=2. Check to see that in fact 

r+2  = sin2 0e241  = [327-r/15] Y2 2  ( 6 ,q5) 

r_2  = sin2ee 	= [327r/15] Y2 -2 (8,0 

- = isin2 e 	= - cos26 = - i(3cos 2e - 1) = - { 7r/51 Y2 ( 61 50) 

r+ro  = sinecosee4  = - [87r/15] Y 2 1 (0,0) 

rro  = sinecosee-i cb  = + [870.5] 1Y2 -1 (6,0) 
	 (76) 

3r0 2  - 1 = (3cos 2 e - I) = [167c/5] 1Y2°(0,0) 

We obtained these results using Shankar's text. Thus we have for the 
tensor operator factor 

.4 4 4 	4 
T12 = 3 (r • s

4  
i ) (r • s2) - s 1  •• s 2  = 

r 2 ,- ^ + 	+ 1(3 = 	ir4  s i _s2 _ 	r_ s i+s24.j 	Lu4r+r_ - 1)( i _g2+  [3 r02  

+ 	[r.i.ro(i-g2cp 	giog2-) + r-ro(1-42o 

4[32v/15] 	Y2 2  ( 6  05) 	 Y2-2
(
9 50) g1i-g2+1 

	

- [ -/r/5] Y2(05c15) 	 [167F/5] Y2 ° (e,q5) g1o20 

4. [87E/15] l - Y2 1 (6,0) [1.-520 + 5 1052-] + Y2-1 (6,0) [1-420 + IIDA2+] 

= [67r/5] 1j Y22 (0,0) g1-g2- 	Y2-2 (eyq5)1424- 

Y2 1  ( 6 ,O) [1--20 s11:)52-] + Y2 1 (e) [g1420+ 51o52+] 

[167r/5] 	Y2°(6005) t g1020 g1-42-] } (77) 

T12 is an operator on the space and "ordinary" spin factors in the wave 
function. We will examine in detail the results of applying the operator 
to the wavefunction (or equivalently the state vector). In anticipation of 
doing so we have on the following page all the results of the six opertors 

g142+; 	 6 1042-1; [6 1420 + 5 1062+]; e10620; [6 1-2+ 

on the three triplet spin functions, 11 5 1> y  I 1,0>, 1 
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The six operations on the three triplet states are: 

la>ila>2 	 = 10> 

Vi{la>11/3>2 + la>21Pi} = fi 2 \Afla>11P2+ la>21i8)11 

1/3)11g>2 	 = 10> 	 (78a) 

[ -s io2+ 	§1-1-20 

Ict>ila>2 	= 10> 

vina> l ig> 2 + la>2113>1} = Vit 2  la>ila>2 	(786) 

I f3)1113>2 	= - Yin2  V fla>11/)2+ la>21P1l 

la>ila>2 	= NIV12 \.4 { I CI> P 2+ I a>2113)1} 

vilja> 1 18> 2  + la>2115>11 = VY1 2  i8>11/3>2 

1fii>11P2 	= 10> 	 (78c) 

[1--2 1;) 

r 

[ 'io s20 1 

la>11a>2 	 =t2 la>lia>2 

\II{ I (201 IP 2 + I a>2113>1} 	 + la>21)61>1} 

= ih2  I 8>1118>2 	 (78d) 

la>ila>2 	 = 10> 

Villa>0> 2  + fa>21P1l = 101> 

= h2 I a> I cf> 2  (78e) 

r 	la>ila>2 	 h2 11 ) 11t3>2 

	

2fl a>1115)2 	la>21P11 	10> 

	

119>1 I$>2 	 10> (781) 
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The fact that the nucleons are fermions implies the entire wave function 
must be antisymmetric under the exchange of all the coordinates. As 

1 442 we have r 
--o. 

4 - r (r=r,. e-o- 7C - e'y  0 4 0+71-) 	and q i 4+ q 2 . 

Experi mentally, the lowest state corresponds to 1 = 0 (approximately) 
but the fact that it has an electric quadrupole moment means there is 
an admixture of higher angular momentum states. Possibilities are 

1=0, S = 0 = J =0 1=0, S = 	j =1  j  even parity 

1=1, S = 0 	I =1 
1=1, S= 1 	1 =0,1,2 } odd party 

1=2, S = 0 	1 =2 I even parity 
1=2, S = 1 = 1 =1,2,3 

';'‘..r The parity operator acts on the 
* wavefunction such that 

P ‘11 (r 	2q1ri2) = v1)( -r-,2r- 1ri2) * 
Iv(  For a particular term with a 

given value 1, the result is 
* 	 /  
;,-(11/ (-r2iiir12)= ( - 1) 	(r

4  
2Tiiri2) 

1=1 is ruled out because the wave function should also be an eigenfucn-
tion of parity and since 1=0 is present only even Ps (even parity) contri-
butions can mix with the 1=0. Moreover, with 1=2, if S=0 only 1=2 
would be possible but there is no 1=2 for 1=0. Indeed, for both 1=0 and 
1=2 the coupling of 1 and S=1 can yield 1=1, with our choice of M j  = 1. 

The 1=0 term coupled with S=1 via the Clebsch Gordon algebra to give 
1=1 >  M "-1  has only one term, since m1  is necessarily 0,  M,S="1  in order - 

that MI  = m 1  + MS  = 1.) Therefore we have 

1=0, S=1; 1=1,Mj=1> = 11=0;m 1=0>01S=1,Ms=1> = 10,0> la> i  la> 2  

which in configuration space is the function we define as 	
(79)  

F01,11( 0 54;152) = < 6 5q5 51521 1=0 5 S= 1 ; 1=1, Mfl> 

	

= Yo° 16 4) a(1)a(2) = v, 14 7/. 	 a(1)a(2) 

Similarly, coupling 1=2 with S=1 to yield 1=1, M j=1, we have 

11=2, S=1;1=1, MJ=1> = 1/0.1 	11=2,m1=0> 	[1a> i la> 2] } 

- V0.3 f I i=2,71=1> 0 [V2(la>0)2 + la>21,8>1)] 

+ 110.6 {11=2,m1=2> 	[P 1 lf?> 2] } 

20 
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with the configuration space representation 

F21,11( 0592) = <0,0,21/=2,s=1; i=t,AAJ=1> 

= VO./ l  Y2°(0,0)  [0 (Wa(2)] } 

- VO.3 f Y2 1 (94) 1),_4(a(Uf( 2) + a(2)f?(U)] 

+ V0.6 f Y 22 (00) [fl (U 1-3 ( 2)] 
	

(82) 

The Clebsch Gordon coefficients for coupling /=2, S=1 4- J=1, Mf-- / are 

(1=2,S=1,m 1=0,Ms=111=2.3=1,./=1,A.4j=1) = V0.1 

(1=2,S=1,m 1=1,Ms=011=2.S=1,J=1,Mj=1) = - V0.3 

(.9=2,3=1,m 1=2,Ms=-111=2.S=1,./=1,/Vii=i) = V0.6 	. 	 (83) 

The pair of functions defined over angles 0, cb and spins152  form an 
orthonormal set in the sense that 

t 	t 	Tr 	f
2 

Tr 
m sede dO Fr-1,11( 0 ,0,152)F11,11(e,q052) = 61-1 	(84) 

1-=-2=.1.- o 	0 
A 

Moreover, since all the components J. commute with T12 and the partity 

operator also commutes with T12, we argue that T12 operating on either 

function F01 , 11  or F21 , 11 must simply be a linear combination of both. 

There are no other functions of J=1, M T=1 and even partity with can 
J 

arise from coupling an even I with a triplet (S=1) spin state. Thus 

T12 F01 , 11 = a F01 , 11  + b F21 , 11 
(85) 

T12 F21,11 = c F01 , 11 	d F21 , 11 

These operations will occur as we evaluate the expectation value of the 
tensor potential energy term using a trial wave function which contains 
the factors F 01 , 11 (e,th,,P, I ,, 2) and F21 , 11 (61 ,q5 5 1,2) in a linear superposition 

of the 1=0 and 1=2 states coupled to give 1=1, Mfl. We thus digress 
to examine the implications of (85) explicitly. 
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Using (77) on the abstract spin vectors we find by way of the results in 
(78a) through (78f) that 

1  
1/47r l a> ila> 2  

= 	I n2  1[67 r / 	[Y 2 2  ( 0  50) IP 11')2 v4-ff 

- Y2 1 (0,c)4[Y_RIa>1118)2 + 1021/6>d 

+ [167r/5] Y2 ° (6,q5)ifa>ila>2 } 

	fi X 
— \Mir 

2 
 

{ [ 1/15] "Y2°  (64) I a> i  I  a>2  - [37r/5] 2 Y2 1  (0 4) [VI ( I a> a> 2 	> 

+ [67r/5] Y2 2 (e05)1/6>ilig>2 } 

1 2 	-) = v471_ h X { L.Tr X 

NO .1Y 2 °  (0 ,(1)) la> i I a> 2  - 	.3 Y2i(6,0)[Y-Pla>ilfl>2 + la>218 1n 

+v0.6 Y2 2 (0,0) IP>' IP2 
But we recognize the curley bracket as F21,11. Thus in configuration 
space we have 

T12 F01,11 (e5C ) 51,2) 	\11-- f7 2F21,11(05051,2) 

= if12  V8 F21,11 6 ,44152). 

The additional factor "-,1-4 h2" (not found in Elton) arisses as s = in a-  ; we 

need be careful to include or exclude "ifi 2" depending on whether s 
4 4 

or o- 

is used in the definition of T12. But, of course, this is precisely why we 

introduced the factor [X] in the definition of the operator in (61.). We 

conclude that in (85) a = h 2  V and b = 0; accordingly Elton says that 

a = V8, b = 0 and so our factor must be [X] = 

T12 F01,11 = T12 YO° (escb) I a> 1 I a>2 = T12 

(86)  

(87)  



We borrow the technique introduced by Elton to find the operation of 

T12F21 , 11 (005, 1 , 2) by looking at the choice for 0=iff, cb= 0. We have 

0=17E 5 0=0 

=  [31 X
, 

	

	- 
I 	

- 2x 	x 2x 	 1 z 2z){ v32 .n. 1 1 la>ila>2 + 3 1/6>i fig>21} Y Y ) k. 	 ) 	 v 	 v 	 

	

T12( 0= 7E;0=0 ) 	 11=2, S=1; J=1,Mf1> 
The operator can be written as 

[2 	+ 	(2+ + 	+ (SI+ 

so that 

[g2+ + 	+ 	1-42-+ 	 IC420] { 
la> I a> 2 + 3

V32-71- 
1/6> K-v 	 IIP2  

(12) 	+ 	+ i'31a>1la>2 3 i1163)11/3>2  
N/327r- 

:= (ifi2) 	10Ia>1la>2 - 6 1,8)11/3>2  
V3277-  

= 	8 la>ila>2 -2 (-la>la> + 31 18>a>2)  
V327r- 

= (if1 2) { V8 v4u. fa>1la>2 2 Ha>ila>261-23 1Pilig>2)  

= (if/ 2) {'18 F01 , 11 - 2F21 , 11} 

0=17r,q5=0 
(88) 

  

Now we invoke the argument that T12 F21 , 11 must in general be some lin-

ear combination of (only) F 01 , 11  and F21 , 11 so we conclude for all 9 and (15 

T12 F21 , 11 = = (4h 2) { V8 F01 , 11  - 2F21 , 11} . (89) 

Now we are in a position to evaluate all the Hamiltoian matrix elements, 
reducing them to one-dimensional radial integrals. That is, all the 
angular integrals and spin space inner products can be done explicitly, 
independently of the radial wavefunction. We proceed as follows. 

TI2F21 , 11 

0=i-rr,q5=0 

IC)2011 



R o (r;a o ,b0 ,...) 
	) 

radial function 
to be determined 
by minimizing 
expectation <H>. 

F01, 11 ( 8 5051 s2) 

	V 

J=1 M
j— 

— 
"angle -spin" 
function via 
the CG algebra 
with /=0,S=1 

To°(rii,q2) (90) 
	) 

isospin singlet 
insures that tp 
is antisymmet-
ric under 14+2 
interchange 

The simplest approach is to consider two linearly independent functions 

11'o1o1(r)si5c25Tibri2; ao,[3o5•••) = 

11 	11 

11 	11 
i=olj1= 
S=1 j tM — 
L v 	 ) 

vector coupling 

and similarly 
4 t t  

1P21 , 1 (r5S15S25 1-115q2;a2,b2s— •) = 

R2(r;a2,62.••) F21 3 11( 0 505152) ToNi,q2) 	(91) 

where Ro(r; achbo5,•••) and R 2 (r; a25b2,...) are functions of the radial 
coordinate r with variational parameters a o ,bo ,... and a 2 ,b2 .... The 
orthonormal pair of angular spin funtions for triplet spin states coupled 
with /=0 or 1=2to yield .J=1 M=1 are (as shown above) 

F01,11( 61 5qQ152) = Yo° (6,0) a(Na( -2) = v4 .11. 	a(Ua(2) 
	

(80) 

F21,11(0)0;1,2) = X0.1 { Y2(e 5 0) [a(1)a(2)} 

- V0.3 fY2 1 (64 54)) [V2(a(U9(2) + a(2) 8(1))] 

+V0 .6 (Y2 2 (e5q5) [13 (W)9 (2)] } 	 (82) 

and To° (q 1 ,q2) is the isospin singlet 

Te(q1,q2) = V (p(rii) n(r2) - p(r/2) n (TO ) • 	 (51) 

To be sure the basis functions are symmetric in the spatial coordinates 
and the "ordinary" spin coordinates i ,

2 
 and so since the nucleons are 

fermions, the isospin factor must be antisymmetric under the exchange 
of isospin coordinates r1 i ,r12 . We normalize the radial functions so that 

r2dr I R o (r;a 0 ,60 ... ) 1 2  = 1; 
O 

r2dr 1R 2 (r;a 2 ,62 , ...) 1 12 , 1 .  
0 

(92) 

so that the two functions 	ip21 , 11 1 form an orthonormal set. 
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Then variational trial wave function is taken to be 

T(r,(9 05 5 . 152,qi,r12) -=coloi,ii(r, 0 59551)2,qi,q2)+c2,1 21,11(r) 0 0551125 1715r12) 

and the normalization condition on is that 	 (93)  

t 	t 	/ r271-FT 	r. 

Idcb sincbde r2dr IT(1- 5 0 5051,25q15 112) 1 2  = 1 
q1=\ 112=\ 0 0 	o 

(94) 

which, because of the orthonormality of hi/ ,ror,ii, i 21,11} means that 
'coy + 1 c2 12 =1 	 (95) 

Here we have dropped the explicit enumeration of the parameter lists 
ao ,b0 ,... and a2 ,b2 ,... but they are still to be understood. The orthogonal-
ity of 11i0i , li  and  iJi21,11  is guaranteed because of the orthogonality of F 01 , 11  
and F21 , 11. Thus once (92) is satisfied the orthonormality of 1/ 01,1 i  and 
k1/2111 is established. If we restrict the c o  and c2  to be real (which is an 
additional constraint on the variational formalism) we insure the nor-
malization condition (95) in terms of a single parameter w by taking 

co  = cos(w) and c 2  = sin(w) 	 (96) 

and so the normalized trial function is 

= cos(w) 	+ sin(co) ►T-21,11 	 (97) 

and the expectation value 

OP 'HIT> = cos 2o) 	 + sinzuRth 	IHI i 	1 , r21,111-1 11-f 21,11 ,  J 

+ sin(w)cos(w) 	 + 	 (98 ) 

where the Hamiltonian is 

= 2 
	 V

c
(r) + V

so 	
4 

(r) [K] 	
4 

+ s2) + VT (r) [A] -112(r sl , s2) p  
(61) 

I trust writing the Laplacian in spherical polar coordinates is a familiar 
exercise. Indeed, one can show that 

2 4  _h2 	a 2 j_  2 a  
2p 	2p t ar2 	r ar 	h2r2 	

(99) 

where 12  is the square of the relative orbital momentum operator 



Therefore, the kinetic energy operator acting on the 
A 

hp2 	r Bar 	hf 2 	 r-21  

f[ a 2 2p  _Tr:7 R1(0  +  2 a 	1 	1+1) 	1 
r Br 

R ol 
	

+  1(h2  R  
' 

	

i j 	2pr2 	x  

x F i  ( 0 5(15 . 152) ToN15/72) i  

Moreover, in the spin-orbit term the• factor can be written 

A  = [1+S_ + 11 A 

	

 5+] + IADSA o 	 (10i) 

and so the operation of the angular - spin factors yield 
A A 	 A A 	 A A 

[1+S_ + 1_5+] + DSo} F01 , 11 = 

{ 	 + 10k,} v4, 	a(Ua(2) = 0. 	 (102) 

and 

{i p_vs_ + 	+ /0S0} F21,11 

h2  { V0.1 { i[2V8-  Y2 1 (050) yitacuscu a(2)g(u} 
- V0.3 (3 [2\aY2 2 (050) fl(U/51 (2) + 2V3• Y2° (0,0) a(1)a(2)1 

+V0.6 fi[21ZY2 1 (00) Vitar(Uig(2) + a(2)/-?(U} - 2Y22 ( 6 5 015)ig(U)6 (2)}} 

= - 3h2 { { V0.1 Y2°  a(1)a(2) - V0 . 3 Y2 1 ( 005){YRa(Ufl(2) + a(2)fi(R1)} 

+ V0.6 Y22 ( 0 05) )6 (U 6 (2)} 

= - 3h2 F21,11 ( 0 505 . 152) • 

Finally in the tensor operator term we recall that 
A 

T12 F01,11( 0 545 51,2) = (4i- h2) _\18 F21,11( 0 05 ,152) 

and 

T12 F21,11 = = ( 1 h 2 ) 	Vg F01,11 - 2F21,11} 

(100) 



So now we can reduce all the integrals to one dimensional quadratures 
as we integrate over the angles 8 and cb and sum over 	If we 
ignore the tensor term for the moment we have for the "diagonal" terms 

 
< 	

4 4 
	V2  + 	VLS (r) [K] {IP (s i  + s2) 11/01,111 { 2 p  

co -h 2 	d 	2 	2  d  fr2dr R o  (r) [ 	 ° R (r) + 2p 	d r2 	 dr R° (r)  
o 

F2dr R o (r) {Vc (r) + VLS (r) [0] }R 0 (r) 	(104) 

and 

 4 
4 	

2 
21,111 { ?/.1 	 V2  + Vc (r) + VLS (r) [k] 	(si + s2) I 21,11> 

co 2  d 	2(2+1)  -h2 	d 2  fr2dr R2 (r) { dr2 R2(r) 	r dr 
R

2
(r) 

r2 	
R2(r)} 

+ F2dr R2 (r) {Vc (r) + VLs(r)[-3]}  R2 (r) 
	(105) 

as K = 2/h2  and for the "cross terms" 

OPoi,ii I t 2fi: 	 V2  + 	+ VLS (r) [K] {it( 	%)} hP21,11> = 0 (106) 

421,111 { 	 V2  + Vc (r) + VLS (r) [K]{it( + t)} I oi
, ii = 0 (107) 

Since the cross terms all vanish this expectation value (in which we 
have ignored the tensor term) is simply 

<'1'IHIP> = cos2c {0Po1,ii1H1 1441,11>i + sin2wk tii ,1-21,111E114/2101>l 	(108) 

and so for any choice of a o ,b0 ,...a2 ,b2 ,... the mimimum obtained setting 

sin(2G-O[<IPoi,iiIHkuoloi> 421011Hk/21,0} = 

has the solution that w = 0 or w = -1- -rr depending on which of the two 

factors 401 , 11 1H hpoioi > or <1,1121,111H14/21,11>  is smaller, In other 

words, neglecting the tensor term, there is no mixing of .1=0 and /=2. 
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The integrals involving the tensor operator for the diagonal terms are 

< 1,1/ 1 , 1 i I VT (r) [X] 	1 2 I IP 01 , 1 1 > - 0; 	 (109) 

421,11 I VT (r) [X] T121 1  P21,11> 	[ 4/h2][if22][-2] 	r2dr R2 (r) VT  (r) R2 (r) 

fr-cx)  
= -2 r2dr R 	 )\/ 	)R fr:a b 	) (1 1 0) "2,r;a25-2)•••, • T tr, -2 ,- 	- 25. • •, 

0 

as X = 4/h2  and for the "cross terms" 

< 14'21,11 I VT (r) [A] T12 I Viol ,ii> = [4/h 2] [Vih2] 
r2dr R

2 (r) VT (r) R o (r) 
f 

= _Nrg f r2dr R 2 (r;a 2 ,b2 , ...) VT (r) R o (r;a 0 ,b0 ,...) 	(111) 

1/ 	=OPoi,ii I VT(r) [X] i121\21,11 	[ 1 ][if9[ 8 ] r2dr R 2  (r) VT  (r) R 2  (r) 

 

oo 
= V 	r2dr R o (r;a 0 ,b0 ,...) VT (r) R 2 (r;a 2 ,b2 ,...) . (112) 

Thus the matrix elements of the total Hamiltonian are: 

(113) 

	

fr2dr R o  (r) { [ 	2f1p2  ] { 1 r2 2  R0  (r) + 	r dr 
	R o (r) 1 + Vc (r) } R o (r) r2dr 

 

o 

	

01/21,iiiHilP21,11> 	 (114) 

a) 
jr2dr R2 (r) { [ 

22 
 ] { 	dd r2 2 1,20-/ + r dr R2  `ri 

	

R2 
 i  \ ,  2  d p t 1 	2(2+1)  

o 

	

	
r2 	R2(01 

+ {Vc (r) + VLs (r)[-3] - 2VT (r)}} R2 (r) 

and 

401,111H1421,11> 

OP21,1 1 I H 11101, i 1> 

a) 
=tom jrz 

0 

 

Ro(r) 	f R 2  (r) 

VT( 
(r) 	 (115) 

R2(r) 	Ro(r) 
r 

 

<lio 1,11 IH I 	, 	= 
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Of course the radial functions and thus the radial integrals are functions 
of the variational parameters. The expectation value of the Hamiltonian 

OP I H I ‘P> = cos 2co 	 sin2c0[421 , ii  1H I rzioi>] 

+ sin(w)cos(w) [th .,01,111H14/21,11> + 0.121,111H1v101,11>] 

= [<N1,111HIV/01,11> ] - sin2  u){<1.1/01,111Flitifoi,li> 	42101 1HW/2101 >j 

+ sin(w)cos(w) Or01,111 11 1 11/21,11> 	<II/21,11N 111/01,11>i 	(116) 

is therefore a function of these variational parameters. It is also a 
function of the "mixing angle co". Thus 

0111H141> = F(w; a o ,b0 ,...a2 ,b2 ,...) 	 (117) 

Clearly, the function F depends upon the chosen parametric forms for the 
radial fucntions. Presumably the parameters can be optimized by 

	F(w; a o ,b0 ,...a2 ,62 ,...) = 0 	 (118) 
ax. 

{for X. = co, a o ,b0 , ...a 2 , b2 ,...}. 

In particular, for any choice of the remaining parameters 

<411E7110> 	- sin(2w) [<11/ 01 , i fiHipo i oi> - 01/21,111F-111/21,0] aces 

+ cos(2c0)[OPoloilH11/21,11> + <4 1/21,111Hlpo1oi>] 	= 0 

so that the optimum choice of w is: 

+ <1/21,111Hltifoi,11>i 
tan(2co) =  	 (119) 

RIPolot 	 < 11/21,111H14/21,11>] 

In principle we can solve (119) for the optimum value of w(a 0b0 ...a 2b2 ..) 
and substitute this particular co back into (116) and optimize the result-
ing expression with respect to a o ,b, o ...a2 .b2 ... . The arithmetic is rather 
arduous and so assuming 2co <<1, tan(2w) 2w, we have approximately 

	

-21- [< 11101,111H1421 , 11> 	0•1121,1 11 H 1 1/ 0 1, 11A 

	

[0101,111H kii01,11> 	0111 21,111H IV/21,11A 

 

(120) 

 

a 

29 



whence 

i[OP21,111Hkuol o i> + 0,1101,111H14121,11>1 2  
+ 	 (121) 

0,1/21,111H14/21,11>i 

This approximate result is still a function of the variational parameters 
ao ,b0 ,...a2 ,b2  ... but because of the approximation (120) it cannot be 
guaranteed to be an upper bound to the exact ground state energy. Of 
course we could proceed without any approximation and solve (119) 
exactly for co(a o , bo, ...a2 , b2 ,....), sustitute the result into (116) and 
minimize the resulting expression over the remaining parameter space 
ao ,b0 ,...a2 ,b2 ... to obtain a true upper bound to the exact ground state 
energy. On the other hand, notwithstanding the fact that (121) no longer 
can guarantee an upper bound, one still could search the remaining 
parameter space a o ,bo,...a2 ,b2 ...in order to minimize the right hand side 
of (121). 

Minimizng (116) [or (121)] with respect to the functions R o (r; a o ,b0,...) 
and R2 (r; a 2b2 ,...) should yield a good value for the ground state energy. 
The form of these radial functions must be chosen so as to take into 
account the hard core potential. Thus, for both 1=0 na1=2 the radial 
wave function is of the form 

R (r. a 5  b 7  ...) = 
0, r rc 

f (r- aP b1'  ...) r 	rc 

(122) 

where f 1 (r;a 1 ,b1 ,...) = 0 at r = r and fi (r; a1 ,b1 ,...) 4 0 as r 4 co. 

From this point on there is no end to the possible choices one could 
make for the variational functions. For instance 

-- 
f (r ;  b k) = N(a,b,k) (r - r )

k  {1 - e a(r-r c
) 1 e b(r r,) 

5 5 5 	 (123) 

where N is a normalization factor and a, b, k are the variational para-
meters. 

Assuming we have optimized the energy and found a reasonably good 
ground state wavefunction vli o , we then can calculate the magnetic mo- 

ment and the electric quadrupole moment of the deuteron as follows. 

<T1HIT> = 

7,0 



The magnetic moment operator is an observable defined as 
" 	 4 	, 	" 4 	 " 	 " 	 ON 

P = (PN/h)  { [ (i i  r + i lz) gp + 411  - i lz ) gril 51  + ( 1 1  + i1 z) it }  

1 +CNA) t[ q i 2 + i2z)gp + (112 - 12z)gni S2 + (2 12 + 12z) 12 
"4- 	1 ' 	:‘ 	"--o- 

(124) 

4  
and recognizing that 11 = 2 = i . [see (59)] we have 

p = (pN/h) H (1 i , + i iz ) gp  + (II, - i, z ) gnj s i  + (i i i  + i21 ) kt t] } 4 	 , „ „, 	 , 

+(pN /h) U q 1 2 + i2z)gp  + ( i is 2 - i'2z)gni t + (i is 2 + i2z) [ i i)] } 	( 125) 

Here g
P 
 and gn 

are the "gyromagnetic ratios. The empirical values 
eh  

for these ratios are g = 5.58 and g n  = - 3.83. phi  = [ 2m, i ] in cgs 
P 

units. By definition the "intrinsic magnetic moments” (see Elton) are 

pp 	
g

ip 
p

N 
 and pn = 2 gn  pN . 

Note that the magnetic moment observable (125) depends on the isospin 
oprerators. In particular, we note that 

^ 	̂ 	 A 	̂ 

[1 1  + 	IP> = lip>, [11 + iz] In> = 10; 	
(127) 

^ - 	IP> = 1 0); 	[2 1 	Ind = 1 In> 
so, for instance, the orbital angular momentum operator will only be 
operative only if the nucleon (i.e. a particle labeled 1 or 2) is in the 
proton state, i.e. m i  

The magnetic moment of the deuteron is, by definition, the expectation 
value of the magnetic moment operator in the J=1, Mj= I state. 

4 
P 	\\Poi  P 14jo>  

where To 
is the optimized trial function for the ground state. Indeed 

, 4 , 	 4 
p = cos2a) 	 + sin2w .T21011 id 114121,11> 	 (129) 

where we have used the fact that the "cross terms" between the 1=0 and 
1=2 functions vanish. 

(126) 

and 

(128) 
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We now carry out the algebra of the operator p on 'U01,11  and V/ 21 , 11 . We 
can bury the radial wavefunctions for the time being realizing that in the 
final expectation value they will simply contribute a factor of 1 as we 
integrate the normalized radial function over r. Thus we consider: 

P
4- 
 Yoc)(0,0)[la>1 la>21 	V11101102 - Ip>21n>1i 

There are two terms. We consider them one by one. The first is 

(Via>1la>2(P>1102) = 

(pN/r)VI{ [gp  + 0] s + 	[0 + gn} sZ + Ot } (Yo°  I a>i I a> 2 p> I n> 2) } 

and the second is 

Vfit{ (- Yela>ila>21011p>2 ) 

(P N/h) Vi{ [0  + gn] s  +64 [gp  0] 	} + it -Yo°  I a> a>2 I n>il P>2)} 

so that adding the results we find 

is Ye(e,0)[1a>1la>2] { 

= (pN /h) 	[gp s1 + gn  s2]Yo°1 a> 1 I a>2IP> 1 I n> 2 

[gn g Yo° 1a>ila>21n>11P>21 

where we recognize that kY op 0 for all components i=x,y,z. Now pre-

paring to do the inner product we have 

2 it 
d 12r  sine de Y 00* i<al 2<ai 	i<pl 2<nl - i<nl 2<pl 
0 	 4 	4 

(pN 
0 

/h) \f-if [gp  Si gn  s2 ] Y o0 1 a> 1 I  a>2  I  p> i ln> 2  

	

4 	4 
[gn  si 	gp  s2] Yo°  I Oil a>21n>11P> 2 

= z (PO ) { gp <alsiia> + gn<als 
4  
zla> + gn<alsi la> + gp<als 

4  
21a> 

(131) 

(129) 

jp> 2 In> i ] } 

(130) 



where we have carried out the spin and isospin inner products in the 
formal Dirac notation using 

<PIP> = 	<P1/1><TIIP> = 1 ;  <ala> = 	<al0q1a> = 1  

and so forth so that in addition to <pip> = 1 and <a la> = 1 we have 

<pin>=0, <nlp>=0, <nIn>=1, <crli?>=0, <flia>=0, and <fllig>=i. Thus 

401,111 	IlPoi,ii> = (PN/h) 	(gp  + gn) <al S 1(3(>1 

since 
	 = iPN (gp gn) ez 

	 (132) 

<a s fa-> = Oex + Oe + z
. 	 (133) 

Indeed, considering only the 1+=0 term, the only contributions to the 
magnetic moment of the deuteron are the individual magnetic moments 
of the proton and neutron which add together to give a non-vanishing z 
component. The x and y components do vanish. As the texts point out 
this is not the correct result -- close, but not correct. Thus we must 
proceed to calculate the second term in (129) as a correction to (132). 

Now we must evaluate 4 21 , 11 1 LI I til 
I I 	

,21,11>• There are three terms in 

F21,11 which we must consider. Moreover, as we take the inner products 
the cross terms vanish so that what would appear to be nine scalar 
products (integrals over 0 and /) are actually only three non-vanishing 
terms. The first term M — 1 is analogous (129) which we just did for 

F01 , 11  except for the Clebsch Gordon coefficient C 2°  = at. Therefore, 
carrying out the same steps we did above we find 

[C2 °Y 29* i<a I 2<a M{ i<pj 2<nl - i<nl 2<pl } 
(IN  /) 	tgp 	 m ][cooy  la>, I a>2 IP> 1 In>2 

- [gn  S1 + gps2 ] tC2°Y29 	 0 la>ila>2111p>21 

=i-CuN/f0{ gp <altla> + gn <a la> +gri <cr I a> +gp 	t <a I I a>} reYo° 1 2  
= (pN/h) { (gp 	t + gn) <a I la> } IC2 °Y2° i 2 	 (134) 
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Then doing the integrals over e and 0 we get for the first (M =1) term 

(PN/h) ugp gn) <al s I I a>1  re 12 	= Pllf (gp+gn)  ( I) I C2 °  1 2 	( 135) 

The M= -1 term is similar to the Ms= 1 except that /3 replaces a and 

the orbital angular momentum 1 Y 2 2 (0,0) * 0. With C 22  = V0.6 we have 

[C22Y2 2r1<fl1 201 Nif i<pl 2<nl -1<ni 2<pl 

(pN /h) 	[gp 	+ gn  s + 	[c22Y2 2] lig>ili021p>iln>2 

	

42  _4_ 	r  2 
[grl SI 	gp S 	2  j ic2 Y22J 11 6> I /6> 2 n> 102 

= -(PN/h) {gp 15  <I 	19  gn<I t 
gno I I s> 	gp si < I t I so>i I c 22y2212 	1C2212 (Y22*  ?y22) 

= (PN/h) {[(gp 	fi' + gn) <llt?>] Ic2 2Y0'1 2  j I C2 2  1 2  (Y22 )-Y22)} 

and doing the integrals over 0 and 0 we get for the Ms  = - i term 

(P N/f1) {[(g p  + gn) <is I s 1  116> J I c 2  1 2  + 	I C2 2 1 2 2h ez} 

(gp 	gn)(4)  + 1} IC2212. 	 (136)  

Finally we must do the 	= 0 term. With [2 1  = V0.3, 

r2 1 Y2 1 } V2[ja>0>2 + la>21,8>il } V-HIP>iln>2 - IP>21n>1J 

We look at the four terms individually 

P f[C2 1 y2 1] la>11#>2101102 = 	 (i) 

(PN/h){ [gp+01 S1  + 	[0+gn] 	([C2 1 Y291a>11/5)2 I p> I In>2)1 

4 
p 	(---[c2IY291a>iffl>21n>ilp>2) = 	 (ii) 

(pN/fot [o+gr) s +0 + {gp+01 S2  + 	 la>a 0 >2 11102)1 
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I C2 1 1 2  

(138) 

p 	[c2 1 Y2 1 ] l,$>1 Ia>2IP>i In>2 = 	 (iii) 

(pN/h) t [g P+0] si  + 	+ [o+gn] s2 + 	 P tc2 iY] (1, 	0 a>2 I 

pt -1c21Y2 1 1 IS>i 1e/2101102 = 

(pN/h) [0+gn] 	+O + [g2+0] 	+ li* }(-[C2 1 Y2 1] I g>  i  I  a> 2 I n>i I  p>2)} 

Adding (i)+ (ii) + (iii) + iv) and then taking the inner product we have 

12ir 
 

d rsine de 
) 0 

f [c2 1 Y2 1 1* VRi<a12<ig I + i<I312<aIN VRI<P12<n1 - 

[c2 1 11 2 1] t 	I a> ii?>2 + la>21S>d } { v [Ip>i 102 - IP>21n>ii 

Tr TE 

= j dcb sine de 
0 0 

i(PNA){ [gP <al la>  + grg P It I] Ic2 1 Y2 1 1 2  

+gn[<4 la> + gp <16121)9> I Ic2'12 1 1 2  

+ gn<a141a>1 Ic2 1 Y2 1  1 2  

+ gn [ < It I> + gp <a I la>] Ic2 1 Y2 1 1 2  

= (pN/ft) Ic2 1 1 2  h ez  = 1-1N(1) 1C2 1 1 2  

Then the sum of (135), (136) and (137) gives the final result for 

0/121,111 -1111,/21,11> 

= PN{ (gp+gn)  (1)} IC2 ° 1 2  + Phif (gp+ gn) (-1) + 1 1 IC2 2  I 

= pN  (gp+gn) [ I C2°  12 	I C2212] + 1C 2212 	I C2 1 1 2}  

1C2 ' 1 2  (Y2 1 * iky2 1 ) 

1C2 1 1 2  (Y2 1*  tY2 1 ) 

+ I C2
1 12 (Y2 1*  it Y21) 

+ I C2 1 1 2  (Y2 1  1 .1/ 2 1 ) 

(137) 
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Now using the values of the Clebsch Gordon coefficients IC 2 °1 2  = 0.1, 

I C2 1  1 2  = 0.3 and IC2212 = 0.6 we have that liC 2°1 2  - ijC2 2 1 2  = and 

C22 1 2
+ IC2 1 1 2  = • Thus we obtain 

( 11/21,111 p 1 4/21,11> - N (g +gn) [4- 1C2 ° 1 2  4-1c2219+ I C2 2 2 + 11 C2
1  1 2} 

= 	PN (gp gn) 
	

(13.9) 

And finally the magnetic moment of the deuteron is 

01/ 1 p 
4 

	I 
	

I ITS} = cosk) <ipoioi  I p lipoloi > + sink) 01121,11i p IP21,1 I> 0  

, 	I. ,. 	 , 	, 
— 	p 111101,11> + sink) L 11-21,10 P 1W21,11> 	 P 001,0] 

= YN (1)(gp+gn) sin2w[  iPN (gp gn)  

= pN  (gp  + gn) I - +-sink) + 4  pN  sin2w 	 (140) 

= 	(1gp Ign)(1 
	3 sin2w} + 4sin2w 

= pN  [ pp + pn){1 	3 sink)} + 4sin26.) 

which is equation (4.40) on page 90 in Elton's book. Indeed, in Elton's 

text p  = 2.7927 and pn = - 1.9131 are dimensionless quantities equaal 

to lgp  and -,Ign respectively and all magnetic quantities are in units of 

pN , the nuclear magneton. 

So the modification of the magnetic moment due to the tensor term 
arises in two places, reducing the spin contribution and giving rise to 
an orbital angular momentum contribution. The two corrections are 
of order of a 6% reduction in the spin contribution and a 3% contribution 
due to the orbital angular momentum. We did not replace sink) by w 2 5  
as clealy this is not necessary, and a -priori it is not clear that w is 
small -- although in fact it terms out that w 0.2 and so w2  a- 0.04. 
We now consider the electric quadrupole moment of the deuteron. 
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The electric quadrupole moment is by definiton 

27r 
Q = 	 fc72)dg Fine de fd(p [3q 2cos20 - q2) p(c-t) e 	 9 o q q o q 

(141) 

i where the charge density p(q ) is the expectation value of the charge 

density operator. Here i *is a point in space with spherical coordinares 

denoted q, 8q , 	 q . Indeed, is a parameter in the operator -- or equally 

true there are a non-denumerably infinite number of such charge density 
operators, one for each point in space. Indeed. the operator is 

P(1 5r42, z  5 1 2z  ; -(1) = e {(5 ( 1 	--(1)[Pii+ z)} + (5 (r42 	[1(12 	i2z) ] } 

(142) 

where 1 and 2 are the nucleon particle labels and the isotopic spin opera-
tors insure that only the proton (for which m. = +i) and not the neutron 
(for which m. = -4) contribute to the charge r ensity. The charge density 
is thus given lby the expectation value 

"  
pp(q) = <'' I 	

4 	
q) IT> 	 (143) 

The expectation value involves the scalar product 

co f 71- 	 71-  

	

fr2dr sine (30 do 	2 2 ■P.(1- 2//1[12) p(...;q) vil0 (r,2111T12) 
o 	o 	0 	1 2 1i q2 	 (144) 

We begin by noting the inner product over the isospin singlet state is: 

Wi<P12<rd - i<n12<pli)] p 

= 	e { 	- 	 + c5(r-- 2 - 

= 	 q) + 6(11--*-  

= 2e { 8 [6(i-.* + 2c-1 °.) + 	2Ct)] 

where 8 = 1/[1] 3 . 

in>2 - I n>1 1 p>2)] 
-+ 1,Z We rewrite r i  and r2  in terms 

* 
It('  of r and 	but understand F =A' 

* Note that the 3 dimensional 
, 

d(A[r
4- 4  

- a j) = 6(r
-+ 4-  - a )/X 3  and 

* 6( -r-+  - a4  ) = (5(r4-  + a-+ ) 
*********************** 
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Moreover since the charge density operator does not depend on the "ordi-
nary" spin observables, the various terms which occur in ‘If are "diago-
nal" in the spin states -- i.e. they must "match up" in the bra and frets. 
All that remains then is to do the spatial integrals which- [you would 
think] should be trivial because of the delta functions. However, we 
must be careful as the arguments of the delta functions are such that the 
vectors between the particles are twice the length of the distance to the 
point where the proton is. Indeed a typical term will involve 

rco 	
cp 
 f 

s
r 

r2dr dinede R (r) Y m1(6,
„

* p( cf) R (r) Y lm/ (0,0) 
o 	o o 

= I•8•e IR(2q)1 2  I Y1/11  (Tr- eq) ,v+5q) 1 2  + I R (2q) 1 2  I Yirn i(eq ,0q) 1 2  

= 8e IR (2q) 1 2  IYimi(Oci ,q5q) 1 2 	 (145) 

which is a function of the coordinates of the position 	The The two terms 

arise from the integration over the delta functions writh r = -4 -in the 

first term and r = 24).in the second term. Here we have recognized that 
the even spherical harmonics have even parity and so the two terms in 
the second line of (145) are equal for both the 1=0 and the 1=2 cases. 
Now we understand that the wavefunction to be used in the calculation is 

= costa 1,1/ 01 , 11  + sinw tp21 , 11  where tpoioi  and 1p21 , 11  are given by (90) 

and (91) with the parameters having been optimized by the variational 
calculation of the ground state energy. We have terms 

p(q) = cos2w moil p 	+ sin 2co<11/21,111 p 1141121,11> + 

sinwcosw[<*01,111 p  I 11/ r T21,11> + 421,111 P 14101,0] 

= 	8e {cos2o.)[ IR0(2q) 1 2  1Y0°(e ce 4ci ) 1 2  ] 
.** from the "diagonal” lit/010i  
** term 

+ sink) [ I R 2 (2q) 1 2  [ 0.1 I Y 2°(61 01 ,q5q) 1 2 

	

	1; from the "diagonal" 1p 21 , 11  
term; orthonormality of 

+ 0.3 1Y 2 1 (0 ,q5 )1 2  + 0.6 I 	,q) )1 21 ] ;,,c spin functions leads to 
ci q 	 q q 	*this sum of I...1 2  

+ sinwcosw[V0.1 ][ R o*(2q)R 2 (2q) Yo° ( 9 

	

	) *Y2° ( 0  ,(1) ) *cross term 
,„ q 	q q '"from the cr i a2  

R2 (2q)*R 0 (2q)Y 2°(61  ,) )*Y 0 0 (0))] } 	*spin factors. 
(146) 
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where we recognize 0.1, 0.3, and 0.6 as the squares of the CC coeffi-
cients. Inserting the explicit expressions for the absolutes squares of 
the sherical harmonics we find that the charge density 

-+ 	 1  
p(q) = Be cos2w [ IR.:P.9)1 2  47/- 

+ sin2w IR2 (2q)1 2  327r  13COS20 - 1 P 18sin2e cos20 + 9sin40 } 

+ sinwcosco[VO. { R 0 (2q)R 2 (2q) + R 2 (2q) R o (2q) [ 	8\171_ (3cos2e - 1)11 
q 

= Be { cosk) [ 1R 0 (2q)1 2 	417  J 

+ sin26) 1R 3 (2q) 	{  3127r  (10 - 6cos 20q} 	 (147) 

+ sinwcosco[Nri. R o (2q)R 2 (2q) + R 2 (2q) R0(2q) [ 	\8vc  ](3cos 2eq  - 1)1 } 

where we have noted that 

9cos 2 e 	- sin2e ) - 6cos 28q  + 1 + i8sin2 0 cos 20 +9sin2 e (1 -cos 20 ) 
• 

= 9 + 1 - 6cos20 = 10 - 6cos 2e 	 (148) 

First and foremost, we see that the overall charge density is not spheri-
cally symmetric. The first term (1=0 arising from ip oioi) is, by itself, 
spherically symmetric and as such does not contribute to the electric 
quadrupole moment. The next term (1=2 arising `from 1p 21 , 11 ) is an 
oblate (hamburger bun) spheroid and the third term (the cross term) is 
a prolate (hot dog bun) spheroid. It is precisely the fact that the charge 
distribution is not spherically symmetric that the deuteron has an elec-
tric quadrupole moment. 

Now we must evaluate 
2 -ff 

r2  Q = Be  q dq sine dO [3cos 2 0 	11q2  tcos 2co [ 1R 0 (2q)1 2  
e o 	o 

,;,2, I p 2 (2q) 12 f 	1  
I Jill 1J 	 fl  (3/ - 6cos 2e 

32 -ff 

V5  sinwcosw{Z.-1 RO G.7,q)R 2 (2q) + R 2 (2q) R 0 (2q) [ ] (3cos 2 0 - 1)} 
871- q 

Ly 



0 + sin2G) Q = 

  

4 

 

  

We let the new dtffrimy variables of integration be r = 2q and thus 
arrive at the expression given in Elton, for indeed 

q = it 	q2dq = 	r2dr 	and q2  = [1] 2  r2  

Thus we need to evaluate 

Q  i
7r 

2  
fir 

= 4 r
2dr sine dcP [3cos 2 0 

 

o 	o q o q 	q  

, 	1 
+ sin2w IR 2 (r) 16 (327r 

 (10 - 6cos2e 1 
9 

- 1ir2  cos26) [
1  

IRo(r) 	7r 

(149) 

+ sinoicoscii{V0.1 R o (r)R 2 (r) + R 2 (r) R o (r) [  87r ] (3cos 2e - 1)} 

which is how Elton get the factor of 	Evaluating the integrals we have 

Tr 	2u- 

isinedeldcp (3cos20 - 1)(10 - 6cos 2 0) ] 	3271_ 
0 	o ...) 

a) 
: 

32n- 
1  	f r4  dr 1 R 2  (r) 1 2  

0 

27/-  
+ [V0.1]sincocoso) [fsinede do (3cos 2 0 - 1) (3cos 2 e - 1) ] 

5 

5   fc°r4  dr fR o*(r) R 2 (r) + R2*(r)Ro(r)} 7r 

Therefore the electric quadrupole moment of the deuteron is 

	 c°  
Q = 	20 f r4dr jR 2 (r)1 2  + 

+ 	  
2V50 	r4  dr ( R o (r)*R 2 (r) + R 2 (r)*R o (r) }  0  

which (for real radial functions) is the result on page 89 in Elton. Note 
that in Elton R o (r) --7E u(r)/r and R 2 (r) FE- v(r)/r. Once we have found the 
parameters in the radial functions by optimizing the ground state energy 
we are able to find the electric quadrupole moment. 
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